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ABSTRACT
Certa in  c la s se s  of 2- and 3-connected matroids a re  s tud ied  in 
t h i s  t h e s i s .
In Chapter 2 we give a c h a r a c t e r i z a t i o n  of those 2-connected 
matriods  M with the proper ty  t h a t ,  fo r  a given p o s i t iv e  i n t e g e r  m, the 
d e le t io n  of  every non-empty subset of M having a t  most m elements i s  
disconnected.  A bound on the maximum number of  elements o f  such a 
matroid in terms of i t s  rank i s  a lso  given,  along with a complete 
d e sc r ip t io n  of the matroids a t t a i n i n g  t h i s  bound. These r e s u l t s  
extend r e s u l t s  of Murty and 0x1ey fo r  minimally 2-connected matroids .
A c h a r a c t e r i z a t i o n  of the  3-connected matroids M t h a t  have the  
property  t n a t  every 2-element de le t io n  of M i s  disconnected i s  given 
in Chapter 3. I t  i s  shown t h a t  these  matroids are  exac t ly  the duals  
of  S y lves te r  matroids having a t  l e a s t  four elements.
In Chapter 4 we prove the following r e s u l t :  Let M be a
3-connected matroid o the r  than a wheel of  rank g r e a t e r  than th re e ,  and 
l e t  C be a c i r c u i t  of  M. I f  the de le t io n  o f  every p a i r  of  elements of  
C i s  d isconnected,  then every p a i r  of  elements of C i s  contained  in a 
t r i a d  of M.
For an in te g e r  t  g r e a t e r  than one, an n-element matroid M i s  
t - c o c y c l i c  i f  every d e le t io n  having a t  l e a s t  n - t  + 1 elements i s  
2-connected ,  and every d e le t io n  having exac t ly  n -  t  elements i s  
d isconnected.  A matroid i s  t - c y c l i c  i f  i t s  dual i s  t - c o c y c l i c .  In 
Chapter 5 we in v e s t ig a t e  the matroids  t h a t  are  both t - c o c y c l i c  and
v i
t - c y c l i c .  I t  i s  shown t h a t  these matroids are  exac t ly  the uniform 
matroids  U [ t ,2 t ]  and the S t e in e r  Systems S ( t ,  t+ 1 , 2t+2).
v i i
CHAPTER 1
INTRODUCTORY NOTIONS
The purpose of t h i s  chapter  i s  to e s ta b l i s h  notation and to give 
some basic d e f in i t io n s  and theorems th a t  are re fe r red  to in the 
succeeding chapters .  We shall  use the ordinary s e t - t h e o r e t i c  
terminology, and we note th a t  a l l  the s e ts  t h a t  appear in t h i s  work 
are f i n i t e .  For g raph- theore t ic  terminology, we r e fe r  the reader  to 
Bondy and Murty [2] .  The theorems fo r  which we do not c i t e  a 
reference can be found in Welsh [25].
A matroid M on a ground s e t  E i s  a co l lec t io n  S of non-empty 
subsets of E, c a l led  c i r c u i t s ,  s a t i s fy in g  (Cl) and (C2).
(Cl) Minimality. No proper subset  of  a c i r c u i t  i s  a c i r c u i t .
(C2) C i rc u i t  e l im in a t io n . Let C,C' be d i s t i n c t  c i r c u i t s  and f  be an 
element of  C - C ' .  I f  e i s  an element of  C fl C ' ,  then there  i s  
a c i r c u i t  C" such t h a t  f  i s  an element of  C“ and C" i s  contained 
in (C U C )  -  e.
A c i r c u i t  C of  c a r d in a l i ty  m i s  ca l led  an m -c i r cu i t  and i s  
denoted by Cm. A 1 - c i r c u i t  i s  a loop. The elements of a 2 - c i r c u i t  
are said to be in p a r a l l e l .  The se t  cons is t ing  of an element e and 
a l l  elements pa ra l le l  to  i t  i s  c a l l ed  a p a ra l l e l  c l a s s .  A matroid
1
i s  simple i f  i t  has no loops or p a ra l l e l  elements.  A 3 - c i r c u i t  is  
c a l l ed  a t r i a n g l e .
A subset I of E i s  independent i f  i t  contains  no c i r c u i t s .  A
maximal independent subset  B of  E i s  c a l l ed  a base. All bases of a
matroid have the same c a r d in a l i ty ,  see, for  example, Welsh [25 J.
Let A be a subset  of  E and I be an independent subset of  A such
t h a t  I I I i s  maximal. Then the rank of A, denoted by rkA, i s  the
c a r d i n a l i ty  of I .  The rank of  a matroid M, denoted by rkM, i s  the
rank of i t s  ground se t  E. Thus rkM i s  the common c a r d in a l i ty  of the
bases of M. We ca l l  rk the rank function of M.
(1 .1)  Theorem. Let rk be the rank function of  a matroid M. Then the 
function rk has the following p ro p e r t i e s .
(R1) For a l l  subsets  A of  E(M), o rkA < f A |.
(R2) I f  A,A' are subsets  of  E(M) such t h a t  A f= A',
then rkA <_ rkA ' .
(R3) I f  A, A1 are  subsets  of  E(M), then rkA +
rkA' > rk(A U A') + rk(A f) A ' ) .
Let E and E' be the ground s e t s  of the matroids M and M',
re sp e c t iv e ly .  M and M‘ are isomorphic i f  the re  i s  a b isec t ion
$ : E -*■ E‘ such th a t  C i s  a c i r c u i t  of M i f  and only i f  $ (C) i s  a
c i r c u i t  of M‘ . I f  no confusion a r i s e s ,  we will w r i te  M = M1 when M
and M' are isomorphic or i d e n t i c a l .
I f  A i s  a subset of E and e i s  an element of  E, then e depends
on A i f  rkA = rk(A U e ) .  In other  words, e depends on A i f  e i s  an
element of A or e i s  an element of a c i r c u i t  C which i s  contained in 
A U e. The c losure  of a s e t  A, denoted by A, i s  
A U { e 1 e depends on A } . A se t  A i s  c losed or a f l a t  i f  A = A. 
A hyperplane i s  a f l a t  of rank rkM - 1.
SECTION 2. DUALS, DELETIONS AND CONTRACTIONS
There are several ways of def ining new matroids from some given 
s e t  of matroids.  In t h i s  sec t ion ,  we will  describe how to induce
three  types of matroids from a given matroid M. In a l a t e r  sec t ion ,  
we will  describe var ious ways of obtaining a new matroid from a given 
c o l le c t io n  of matroids.
Let M be a matroid on a se t  E and { } be the co l lec t io n  of
bases of M where i i s  an element of some index s e t  I .  Whitney [26]
proved the following fundamental r e s u l t .
(1 .2)  Theorem. The c o l l e c t i o n  of s e t s  { E -  EL } i s  the co l l e c t io n  of 
bases of  a matroid M* on E.
We ca l l  M* the dual matroid of M. The bases,  c i r c u i t s ,  and
hyperplanes of M* are ca l led  cobases,  c o c i r c u i t s  and 
cohyperplanes of M, re sp ec t iv e ly .  A coloop of M is  a loop of M*. 
A t r i a d  i s  a 3 - c o c i r c u i t .  The elements of a 2 -c o c i rcu i t  are said to 
be in s e r i e s .  The s e t  co n s is t in g  of an element e and a l l  elements 
in s e r ie s  with i t  i s  c a l led  a s e r i e s  c l a s s .  I t  follows from the
d e f in i t i o n  of the dual t h a t  the rank of M*, or corkM, i s  | E |  -  rkM. 
This i s  a special case of the following theorem.
(1 .3)  Theorem. The rank functions  rk,  cork of  M, M* re spec t ive ly  are
r e l a t e d  by: corkA = | A | + rk(E - A) -  rkM where A i s  a 
subset  of  E.
From the l a s t  theorem i t  i s  easy to  derive the following r e s u l t .
(1 .4)  Theorem. Let { X, Y } be a b i p a r t i t i o n  of  the ground s e t  E of  a
matroid M. Then rkX + rkY -  rkM = corkX + corkY -
corkM = rkX + corkX -  | X |.
The following property ,  ca l led  o r thogona l i ty ,  i s  often used in 
the l a t e r  chap ters .
(1 .5)  Theorem. Let C be a c i r c u i t  and C* be a c o c i r c u i t  o f  a matroid
M. Then | C fl C* | f  1.
The following i s  a very useful r e l a t io n s h ip  between hyperplanes 
and c o c i r c u i t s .
(1 .6)  Theorem. A s e t  H i s  a hyperplane of  a matroid M i f  and only i f
E -  H i s  a c o c i r c u i t  of  M. Dually, a s e t  H* i s  a 
cohyperplane of a matroid M i f  and only i f  E -  H* i s  a 
c i r c u i t  o f  M.
I t  i s  c l e a r  t h a t  every proper f l a t  A of  a matroid M i s  contained 
in some hyperplane H of M. Thus the following r e s u l t  follows from the 
l a s t  theorem.
(1 .7)  Corol lary .  Let A be a proper f l a t  of  a matroid M. Then E -  A
conta ins  a c o c i r c u i t  o f  M.
In f a c t ,  by using Theorem 1, page 38, of  Welsh [25],  we can 
e a s i ly  show t h a t  the following theorem holds.
(1 .8)  Theorem. The s e t  A i s  a f l a t  of  a matroid M i f  and only i f
E -  A i s  a union of  c o c i r c u i t s  of M.
Let A be a subset  of E and suppose A = { e2 , e2 ..............e^} .
There are  two natural ways to  obta in  matroids on the s e t  E - A.
(1 .9)  Theorem. The c i r c u i t s  of  M t h a t  are  contained in E -  A are
the c i r c u i t s  of  a matroid M\A on E -  A.
We say th a t  M\A i s  the matroid obtained from M by de le t ing  the
s e t  A. We also w r i te  M\A as M\e2 , e 2......ek . I t  i s  c l e a r  t h a t  the
rank of the matroid M\A i s  r k (E - A).
(1.10)  Theorem. Let S '  be the c o l l e c t i o n  o f  minimal non-empty s e ts
o f  the form C fl. A where C i s  a c i r c u i t  o f  M. Then
6V  i s  the  c o l l e c t io n  of  c i r c u i t s  of  a matroid M/A on 
E -  A.
We say th a t  M/A i s  the matroid obtained from M by contrac t ing  
the elements of  A. We also  wri te  M/A as M/ej, •••» e*- From the
d e f in i t i o n  of M/A we can prove the following theorem.
(1.11) Theorem. Let rk '  be the rank funct ion of  M/A and F be a subset
of  E(M/A). Then rk 'F  = rk(F U A) -  rkA. In 
p a r t i c u l a r ,  rk'(M/A) = rkM -  rkA.
In the next theorem we s t a t e  an important r e s u l t  r e l a t in g  
con t rac t ions  to de le t io n s .
(1.12) Theorem. Let M be a matroid on E and A be a subset  of  E. Then
(M\A)* = M*/A and (M/A)* = M*\A.
Next we give a basic  property of con trac t ions  and de le t ions  th a t  
we use im pl ic i ty  in many theorems of  t h i s  t h e s i s .
(1.13) Theorem. Let M be a matroid on a s e t  E and A,A' be d i s j o i n t
subse ts  o f  E. Then M\A/A‘ = fVA'\A, M\A\A' = MXA'Va , 
and M/A/A' = M/A'/A, t h a t  i s ,  the operat ions  of 
c o n t rac t io n s  and d e le t io n s  commute.
7A matroid N i s  a minor of a matroid M i f ,  fo r  d i s j o i n t  subsets 
A,A' of  E(M), N i s  isomorphic to  M\A/A'.
SECTION 3. CONNECTEDNESS
A matroid M i s  connected i f ,  for  every subset { e , f  } of E(M),
the s e t  ( e , f  ) i s  contained in a c i r c u i t  C of M. I f  M is  not
connected, i t  i s  ca l led  disconnected or separable .
(1.14) Theorem. A matroid M i s  connected i f  and only i f  i t s  dual M*
i s  connected.
A component K of a matroid M i s  a maximal subset of E(M) 
having the property t h a t  every p a i r  { e , f  ) of i t s  elements i s  
contained in a c i r c u i t  of M. Thus i f  M i s  disconnected,  then M has a t  
l e a s t  two components.
(1.15)  Theorem. The components of  a matroid M form a p a r t i t i o n  of
E(M) and coincide with the components of  the dual
matroid M*.
SECTION 4. THE CYCLE MATROID OF A GRAPH
For every graph G there  i s  a matroid associa ted  with i t s  
cyc les .  We s t a t e  t h i s  more p rec ise ly  in the following theorem.
(1.16) Theorem. Let G be a graph. Then the cycles  of G are  the
c i r c u i t s  of  a matroid M(G) on the s e t  of  edges E(G).
A matroid i s  graphic i f  i t  i s  isomorphic to the cycle matroid 
of some graph. A matroid i s  cographic i f  i t s  dual i s  isomorphic to 
the cycle matroid of some graph. We note here t h a t  a matroid can be 
the cycle  matroid of two or more non-isomorphic graphs.
Let e be an edge of a graph G. The de le t ion  of e i s  the 
operation of removing t h i s  edge while keeping i t s  end v e r t i c e s .  The 
graph thus obtained i s  denoted by G\e. The con trac t ion  of e i s  the 
operation of de le t ing  e i f  i t  i s  a loop; or  the operat ion of de le t ing  
e and id en t i fy ing  i t s  end v e r t ic e s  i f  i t  i s  not a loop. The graph 
thus obtained i s  denoted by G/e.
I t  i s  not d i f f i c u l t  to ver i fy  the following theorem.
(1.17) Theorem. Let A be a s e t  of  edges of  a graph G. Then
M(G\A) = M(G)\A, and M(G/A) = M(G)/A.
A graph G i s  n-connected i f  the minimum number of v e r t i c e s  
whose removal r e s u l t s  in a disconnected or t r i v i a l  graph i s  a t  l e a s t  
n. Thus a O-connected graph i s  a disconnected or  t r i v i a l  graph. A
1-connected graph i s  a connected graph.
The d e f in i t io n  of n-connectedness of a graph i s  s ta ted  in terms 
of  i t s  v e r t i c e s .  However, Harary [8]  gave the following 
c h a ra c te r iz a t io n  of 2-connected graphs.
(1.18) Theorem. Let G be a loopless  graph. Then G i s  2-connected i f
and only i f  every p a i r  e , f  of  edges i s  contained in a
cycle  of G.
I t  follows from the l a s t  theorem th a t  a loopless  graph G i s
2-connected i f  and only i f  i t s  cycle matroid M(G) i s  connected.
SECTION 5. CONNECTIVITY
In t h i s  sec t ion ,  we discuss the theory of n-connection of
matroids developed by Tutte [24].  We also  consider  some of the
consequences of t h i s  theory.
Let M be a matroid on a se t  E and k be a pos i t ive  in teg e r .  M i s
k-separa ted  i f  there i s  a b i p a r t i t i o n  (X,Y) of  E such t h a t  each of
X and Y has a t  l e a s t  k elements and rkX + rkY rkM + k - 1. For an
in te g e r  n g rea te r  than one, M i s  n-connected i f  i t  has no
k-separa t ion  fo r  k < n. A k-separa t ion  { X,Y } i s  minimal i f
|X | = k or  | Y | = k. I f  there  i s  a l e a s t  p o s i t iv e  in te g e r  j  such t h a t
M i s  j - s e p a ra te d ,  i t  i s  ca l led  the connec t iv i ty  X (M) of M. I f
there  i s  no such in teg e r ,  we say th a t  X (M) =°°.
The next theorem follows e a s i ly  from Theorem 1.4.
(1.19) Theorem. A matroid M i s  n-connected i f  and only i f  i t s  dual M*
i s  n-connected.
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We now r e l a t e  the not ions of connectedness,  as defined in
Section 3, and n-connectedness.
(1.20) Theorem. A matroid M i s  connected i f  and only i f  i t  i s
2-connected.
In Section 4, we defined the notion of n-connectedness for  a
graph G. This notion does not ,  in genera l ,  co incide with the notion
of n-connectedness of  the cycle matroid M{G). However, we have the
following r e s u l t s  (see Welsh [25, pp. 78]).
(1.21) Theorem. Let G be a loopless  graph with a t  l e a s t  th ree
v e r t i c e s .  G i s  2-connected i f  and only i f  M(G) i s
2-connected.
(1.22) Theorem. Let G be a simple graph with a t  l e a s t  four  v e r t i c e s .
Then G i s  3-connected i f  and only i f  M(G) i s
3-connected.
Now we s t a t e  some theorems t h a t  we use f requent ly  in the
following chap ters .  The f i r s t  two of  these are  r e s u l t s  of 0x1ey [19, 
Lemmas 2 .2 ,  1 .6 ] .
(1.23) Theorem. I f  M i s  an n-connected matroid and E(M) has a t  l e a s t
2(n -  1) elements,  then every c i r c u i t  and every
c o c i r c u i t  o f  M conta ins  a t  l e a s t  n elements.
(1.24) Theorem. I f  M I s  an n-connected matroid and E(M) has a t  l e a s t
2n - 1 elements ,  then M has no n - c i r c u i t  which i s  
a l so  a c o c i r c u i t .  In p a r t i c u l a r ,  a 3-connected 
matroid with a t  l e a s t  f iv e  elements has no t r i a n g l e  
which i s  a lso  a t r i a d .
The proof of  the next theorem can be found in Coullard [6 ,  2 .4 ] .
(1.25) Theorem. Let M be a 3-connected matroid and e be an element of
E(M). Suppose t h a t  E(M) has a t  l e a s t  seven elements 
and t h a t  M/e has no non-minimal 2 -separa t ions .  I f  
T,T' a re  t r i a n g l e s  of  M, each conta ining e ,  then
T (1 T' = (e) .
One of the most useful r e s u l t s  in the theory of connec t iv i ty  i s  
the following r e s u l t  o f  Tutte [24, 6 .5 ] .
(1.26) Theorem. Let M be a 2-connected matroid and e be an element of
E(M). I f  M\e i s  not 2-connected, then M/e i s
2-connected.
The s im p l i f i c a t io n  P m~] of a matroid M i s  the matroid
obtained from i t  by de le t in g  a l l  i t s  loops and a l l  but one element 
from each of i t s  p a r a l l e l s  c l a s se s .  The cos im p l i f i ca t io n  l_Mj of a 
matroid M i s  the matroid obtained from M by con t rac t ing  a l l  i t s
coloops and a l l  but one element from each of  i t s  s e r ie s  c l a s se s .
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Although there  i s  no exact  analogue of Theorem 1.26 for
3-connected matroids,  we have the following s im i la r  r e s u l t  of Bixby
[13.
(1.27) Theorem. Let M be a 3-connected matroid and e be an element of
E(M). Then M\e or  M/e has no non-minimal
2 -separa t ions .  Moreover, t_M\eJ or  fM/e] i s
3-connected.
We end t h i s  sect ion by giving the following d e f in i t io n .  A graph 
or a matroid M is  minimally n-connected i f  i t  i s  n-connected and, 
fo r  a l l  elements e of  E(M), M\e i s  not n-connected.
SECTION 6. SOME IMPORTANT MINOR THEOREMS
In t h i s  sec t ion ,  we will give some p roper t ie s  of c e r t a in  minors 
of a matroid M. Also we give some p ro p e r t i e s  of M knowing t h a t  i t  has 
c e r t a i n  minors.
The proofs of Theorem 1.28 - Theorem 1.30 can be found in [6] ,
(1.28) Theorem. An element e of  a matroid M i s  a loop or  a coloop i f
and only i f  M\e = M/e.
(1.29) Theorem. I f  { e , f  } i s  a c i r c u i t  o r  a c o c i r c u i t  o f  a matroid
M, then M/e\f = M\e/f.
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(1.30)  Theorem. I f  { e , f , g  } i s  a t r i a n g l e  of  a matroid M, then
M/e,f \g  = M /e ,f ,g .  Dually, i f  { e , f , g  } i s  a t r i a d  
of a matroid M, then M\e,f /g  = M \e ,f ,g .
Theorems 1.31 and 1.32 were proved by Oxley in [18] and [19] 
r e sp ec t iv e ly .
(1.31) Theorem. Let M be a matroid and e be an element of E(M). I f
M/e i s  n-connected but M i s  not ,  then e i t h e r  e i s  a 
loop o f  M or  M has a c o c i r c u i t  conta in ing e and 
having fewer than n elements.
(1.32) Theorem. Let M be an n-connected matroid having a t  l e a s t
2(n -  1) elements.  I f ,  fo r  d i s t i n c t  elements e , f  of  
E(M), the matroid M\e i s  not n-connected and M\e/f i s  
n-connected, then M has an n -c o c i r c u i t  conta ining e 
and f .
SECTION 7. SUMS, SERIES AND PARALLEL CONNECTIONS
In t h i s  sec t ion ,  we will  describe four methods of  obta ining a 
new matroid from c e r t a in  known matroids.
Let M',M" be matroids on d i s j o i n t  s e t s  E ' ,E" .  Let 
? = { C | C i s  a c i r c u i t  o f  M' or of M"} . Then S i s  the co l le c t io n
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of  c i r c u i t s  of a matroid M on E' U E". We call  M the d i r e c t  sum or
1-sum of M' and M".
Let M1 ,M" be matroids on E',E" such th a t  each of  E' and E" has 
a t  l e a s t  three elements.  Suppose t h a t  E ' f lE"  = { p }  and th a t  p i s  
not a loop or coloop of e i t h e r  M' or M". Seymour [23jj defined the
2-sum M1A M" of M‘ and M" to be the matroid on E' U E" -  p whose
c i r c u i t s  are the following:
( i ) a l l  the c i r c u i t s  of  M1 and M" th a t  do not contain p, and
( i i )  a l l  the se ts  of  the form C1 U C" -  p where C‘ i s  a c i r c u i t  of
M' containing p and C" i s  a c i r c u i t  of M" containing p.
The next theorem was proved by Seymour [23].
(1.33) Theorem. I f  M' and M" are  2-connected, then M'a M" i s
2-connected with 2-separa t ion  { E' -  p,  E" - p} .
He also showed t h a t  the converse of the above theorem holds.
(1.34) Theorem. Let M be a 2-connected matroid with a 2-separation
{ X,Y } .  Let p be an element which i s  not in E(M).
Then the re  are two matroids M',M" on X U p, Y U p
re sp e c t iv e ly ,  both isomorphic to  minors of  M, such 
t h a t  M = M'A M".
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Next we want to def ine the s e r ie s  connection of matroids and 
s t a t e  some p roper t ie s  of such a connection.  For a thorough treatment 
of t h i s  topic we r e f e r  the reader  to Brylawski [4] ,
Let M',M" be matroids on d i s j o i n t  s e t s  E ' ,E".  Let p'  be an 
element of E' ,  p" be an element of E" and p be an element which i s  not
in E' U E". Then the s e r i e s  connection S ( (M ' ;p ' ) ,  (M";p")) of  M'
and M" with respec t  to the basepoints  p' and p" i s  the matroid on
(E1 - p ' )  U (E" - p") U p whose c i r c u i t s  are the following:
( i )  a l l  the c i r c u i t s  of M' not conta ining p 1 and al l  the c i r c u i t s  
of M" not conta ining p"; and
( i i )  a l l  the s e ts  (C‘ - p ' )  U (C" - p") U p where C' i s  a c i r c u i t  of
M' contain ing p' and C" i s  a c i r c u i t  o f  M" containing p" .
When the basepoints  are c l e a r  we will  sometimes denote the
s e r i e s  connection by S(M',M"). We note t h a t  the s e r i e s  connection of
two matroids M',M" can be defined when t h e i r  ground s e ts  E' ,E" have
exact ly  one element p in common. This i s  done by replacing p ‘ and p" 
by p in the above d e f in i t io n  of the s e r i e s  connection.
The next seven theorems l i s t  some basic p roper t ie s  of  s e r i e s
connection.
(1.35) Theorem. Let M = S ( ( M ' ; p ' ) ,  (M";p")) and suppose t h a t  p ' , p "
are  not loops or coloops o f  Then
rkM = rkM' + rkM".
(1.36) Theorem. I f  M = S(M',M") and M" i s  a loop,  then M = M'.
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(1.37)  Theorem. I f  the basepoin t p' i s  a coloop of  M', then 
S(M\M") = p* + M'\p '  + M"\ p".
(1.38)  Theorem. Suppose t h a t  each of  M' and M" has a t  l e a s t  two
elements .  Then S(M',M") i s  2-connected i f  and only 
i f  both M' and M" are  2-connected.
(1.39) Theorem. Let M be a 2-connected matroid and p be an element of
E(M). Suppose t h a t  M\p = N’ + N". Then 
M = S((M/N' ;p ) ,  (M/N";p)) .
(1.40) Theorem. I f  M = S ( (M ' ;p ' ) ,  (M";p")),  then M\p = M'\p'  + M"\p".
(1.41) Theorem. Let e be an element of  E(M') -  p ' .  Then
M\e = S(M'\e,M") and M/e = S(M7e,M").
We now want to discuss the dual operat ion of the s e r i e s  
connection.  Let M‘ ,M" be matroids on d i s j o i n t  s e ts  E ' .E" .  Let p' be 
an element of  E ' ,  p" be an element of  E", and l e t  p be an element 
which i s  not in E1 U E". Then the p a ra l l e l  connection 
P((M ';p ')»  (M",p")) of  M' and M" with respect  to the basepoints  p 1 and 
p" i s  the matroid on (E1 - p 1) U (E" - p") U p whose c i r c u i t s  are the 
following:
( i )  a l l  the c i r c u i t s  of M' and M" with the understanding th a t  p 1 and 
p" are replaced by p, and
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( i i )  a l l  the s e ts  of the form (C1 - p 1) U (C" - p " ) where C' i s  a 
c i r c u i t  o f  M' conta ining p' and C" i s  a c i r c u i t  of M" 
containing p".
Here we s t a t e  a few proper t ies  of the p a ra l le l  connection. For 
f u l l e r  d iscussion of t h i s  operation we again r e f e r  the reader to 
Brylawski [4 ] .  We note t h a t  P ( (M ' ;p ' ) ,  (M";p")j will  of ten be w r i t ten  
as P(M',M").
(1.42) Theorem. Let M = P ( (M ' ;p ' ) ,  (M";p“ ) ) .  I f  p i s  n e i th e r  a loop
nor a coloop of M‘ or  M” , then rkM = rkM' + rkM" -  1.
(1.43)  Theorem. I f  M = P(M',M") and E(M) has a t  l e a s t  two elements,
then M i s  2-connected i f  and only i f  both M' and M" 
a re  2-connected.
(1.44) Theorem. Let M = P ( (M ' ;p )  (M";p)).  Then the following
sta tements  hold.
( i )  M/p = M'/p + M"/p.
( i i )  I f  e i s  an element o f  E(M') -  p, then
M/e = P ( (M '/e ;p ) ,  (M";p)) and M\e = P ( (M '\e ;p ) ,
(M";p)).
(1.45) Theorem. Let M be a 2-connected matroid and p be an element of  
M. I f  M/p = N' + N", then M = P((M\E(N');p),
(M\E(N") ; p ) ).
The l a s t  theorem of t h i s  section shows th a t  the 2-sum and the 
s e r i e s  and pa ra l l e l  connections are c lo se ly  r e l a t e d .  I t  extends 
Theorem 1.34.
(1.46) Theorem. Let M be a 2-connected matroid with 2-separat ion
{ X,Y ) . Let p be an element which i s  not in E(M).
Then the re  are  matroids M' and M" on X U p and Y U p
re sp e c t iv e ly ,  both isomorphic to  connected minors of  
M, such t h a t  M = M'AM" = S((M ';p) ,  (M";p))/p = 
P((M'p) ; M";p))\p.
SECTION 8. COORDINATIZATIONS
Let N be a matrix over a f i e ld  F and E be the s e t  of columns of
N. The dependence matroid D(N) on E i s  the matroid whose c i r c u i t s
are  the minimal l i n e a r ly  dependent subsets  of  E. A matroid M i s
coord ina t izab le  over a f i e l d  F i f  there  i s  a matrix N over F with
M = D(N). The matroids t h a t  are coord ina t izab le  over GF(2) are  ca l led
binary matroids.
Some of the most d i f f i c u l t  unsolved problems in matroid theory 
l i e  in the area of  co o rd in a t iz a t io n s .  We will only give two
well-known r e s u l t s  t h a t  we will  use l a t e r .
(1.47)  Theorem. A graphic matroid i s  coord ina t izab le  over every f i e ld
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(1.48) Theorem. A matroid M i s  binary i f  and only i f  | C f) C* [ i s  
even fo r  every c i r c u i t  C and every c o c i r c u i t  C* of  M.
SECTION 9. SOME PARTICULAR MATROIDS
Let E be a s e t  having k elements.  The matroid on E whose 
c i r c u i t s  are exact ly  the ( r  + l ) - s u b s e t s  of E i s  the uniform matroid 
U[r ,k] .
The following i s  a useful c h a rac te r iza t io n  of uniform matroids.
(1.49) Theorem. A matroid M i s  uniform i f  and only i f  C fl C* i s  not 
empty fo r  every c i r c u i t  C and every c o c i r c u i t  C* of  
M.
The next theorem was proved by Inukai and Weinberg [9 ] .
(1.50) Theorem. The connec t iv i ty  of  the uniform matroid U[r,k]  i s  as 
f o l 1ows:
X(U[r ,k])  = -
r  + 1 i f  k > 2r + 2
i f  2r -  1 < k < 2 r  + 1
k -  r  + 1 i f  r  > 1 and k < 2r -  2
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Let n be an in tege r  g re a te r  than two. The wheel Wn of rank n 
i s  the graph obtained from an n -c y c le ,c a l l ed  the rim, by adding a 
new ver tex,  ca l led  the hub, and then jo in ing  t h i s  new vertex to each 
vertex of the rim by an edge, ca l led  a spoke. W3 and W4 are shown 
in the f igure  below.
SECTION 10. SOME NEW DEFINITIONS
Most of  the work in t h i s  th e s i s  i s  concerned with ce r ta in  
c la s ses  of n-connected matroid M t h a t  have the property t h a t ,  for  
every subset F of E(M) having a t  most m elements ,  the connect iv i ty  of 
M\F i s  n- |F  | . We now give the p rec ise  d e f in i t i o n  of  these matroids 
t h a t  we cal l  m-element minimally n-connected matroids.
Let m be a non-negative in te g e r .  We def ine  recurs ive ly  what i s  
meant by saying th a t  M i s  an (m,n)-matroid or t h a t  M is  (m,n).
FIGURE 1
(1) M i s  a ( 0 , n )-matroid i f  i t  i s  n-connected;
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(2) M i s  a (1 ,n )-m atro id  i f  i t  i s  minimally n-connected;
(3) M i s  an (m,2)-matroid,  fo r  m 1, i f ,  f o r  every non-empty subset
F of  E(M) having a t  most m elements ,  M\F i s  not 2-connected;
(4) M i s  an (m,n) matro id ,  fo r  m > 1, m > 2, i f ,  fo r  a l l  elements e
of  E(M), the matroid M\e i s  an (m-1, n -1 ) -matroid.
Now suppose t h a t  A i s  a subset  of  E(M) having a t  l e a s t  m 
elements .  Next we def ine  r ecu rs ive ly  what i s  meant by saying t h a t  M 
i s  an (m,n)-matroid r e l a t i v e  to  A.
(1) M i s  a ( 1 ,n )-m atro id  r e l a t i v e  to A i f ,  fo r  a l l  elements e of A, 
the  matroid M\e i s  not  n-connected;
(2) M i s  an (m,2)-matroid r e l a t i v e  to A i f ,  fo r  every non-empty 
subse t  F of  A having a t  most m-elements,  M\F i s  not 2-connected;
(3) M i s  an (m,n)-matroid r e l a t i v e  to A, fo r  m> 1 and n > 2, i f ,  
fo r  every element e of  A, the matroid M\e i s  an (m-1, n - 1 )- 
matroid r e l a t i v e  to A -  e.
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A graph G i s  (m,n) i f  i t s  cycle matroid M(G) i s  (m,n). 
S im i la r ly ,  a graph G i s  (m,n) r e l a t i v e  to  a s e t  of  edges A i f  M(G) 
i s  (m,n) r e l a t i v e  to A.
CHAPTER 2
(m,2 ) -MATROIDS
In t h i s  chap te r ,  we shall  in v e s t ig a te  the s t ru c tu re  of the 
matroids t h a t  are (m,2).  Recall t h a t  a 2-connected matroid M i s  (m,2) 
i f ,  fo r  every non-empty subset F of E(M) having a t  most m elements, 
M\F i s  not 2-connected. In p a r t i c u l a r ,  a (0 ,2)-matroid i s  a 
2-connected matroid, and a (1 ,2)-matroid i s  a minimally 2-connected 
matroid.
In [20] ,  Oxley showed th a t  a (1 ,2)-matroid having a t  l e a s t  four 
elements conta ins  no t r i a n g l e s .  The aforementioned r e s u l t  i s  a 
g en e ra l iza t io n  of a g raph- theore t ic  r e s u l t  of Dirac [7] and Plummer 
[21].  We will show t h a t  an (m,2)-matroid having more than 2m + 1 
elements contains  no c i r c u i t s  with fewer than 2m + 2 elements.  We 
then use t h i s  r e s u l t  to give a c h a ra c te r iz a t io n  of (m,2)-matroids.  We 
show t h a t  an (m,2)-matroid M can be obtained as a s e r ie s  connection of 
two matroids t h a t  are c lose  to being (m,2), and have fewer elements 
than M. This c h a r a c te r iz a t io n ,  which extends the one given by Oxley 
[20] fo r  minimally 2-connected matroids,  i s  then used to obta in  an 
upper bound on the number of elements of an (m,2)-matroid. This bound 
genera l izes  the bound given by Murty [17] fo r  minimally 2-connected 
matroids.
Let M be a 2-connected matroid and m be a p o s i t iv e  in tege r .  
Let A be a subset  of  E(M) having a t  l e a s t  m elements.  Recall t h a t  M
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i s  (m,2) r e l a t i v e  to A i f ,  for  every non-empty subset F of A having a t
most m elements,  M\F i s  not 2-connected.
Mader [11] proved th a t  i f  C i s  a cycle of a simple n-connected 
graph G having the proper ty  t h a t ,  fo r  a l l  edges e of  C, the graph G\e 
i s  not n-connected, then C meets a ver tex which has degree n in G. In 
[20],  Oxley strengthened t h i s  r e s u l t  fo r  ( l ,2 ) -g raphs  r e l a t i v e  to a
cycle C. He showed t h a t  i f  G i s  not the cycle C, then C meets two 
v e r t i c e s  of degree two in G. Moreover, these two v e r t ic e s  are
separated on C be v e r t i c e s  of degree g rea te r  than two. We will 
genera l ize  t h i s  r e s u l t  to the graphs t h a t  are (m,2) r e l a t i v e  to a
cycle  C.
SECTION!, (m,2 ) -MATROIDS
We will  show t h a t  an (m,2 ) -matroid has no small c i r c u i t s ,  and
t h a t  i t  i s  the s e r i e s  connection of  two matroids t h a t  are c lose  to
being (m,2). Then using these r e s u l t s  we show th a t  an (m,2)-matroid M 
of rank g rea te r  than 2m has a t  most m *  ^ (rkM - 1) elements.  We also 
give a complete desc r ip t ion  of the matroids a t t a in in g  t h i s  bound.
We now give several  lemmas which are used to prove the main
r e s u l t s  of t h i s  chapter .  The f i r s t  of these i s  a special case of 
Theorem 1.32.
(2.1)  Lemma. Let M be a 2-connected matroid having a t  l e a s t  two 
elements .  I f ,  fo r  d i s t i n c t  elements e , f  of  E(M),
the  matroid M\e i s  not  2-connected and M\e/f i s
2-connected , then { e , f  } i s  a 2 - c o c i r c u i t  o f  M.
The next lemma follows from the dual of (1.31) and the f a c t  t h a t  
a 2-connected matroid having a t  l e a s t  two elements has no loops.
(2 .2)  Lemma. Let M be a 2-connected matroid and e , f  be d i s t i n c t
elements o f  E(M). I f  M\e i s  not  2-connected and M\e,f  
i s  2-connected,  then f e , f  } i s  a 2 - c o c i r c u i t  o f  M.
In the course of proving Theorem 2.4 of  [20], ,Oxley showed t h a t  
the  fol lowing r e s u l t  holds.
(2 .3 )  Lennna. Let C be a c i r c u i t  o f  a 2-connected matroid M. I f  C i s
conta ined in  a s e r i e s  c l a s s  o f  M, then M = C.
The next f a c t  follows from o r th o g o n a l i ty .
(2 .4)  Lemma. Let C be a c i r c u i t  o f  a matroid M and S be a s e r i e s
c l a s s  o f  M. I f  S and C have a non-empty i n t e r s e c t i o n ,  
then S i s  conta ined in  C.
The following i s  a g e n e ra l i z a t io n  of a well-known r e s u l t  of
T u t te ,  see Theorem 1.26.
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(2 .5 )  Lemma. Let A be a non-empty subse t  o f  a 2-connected matroid
M. I f ,  f o r  a l l  non-empty subse ts  F o f  A, the  matroid 
M\F i s  no t  2-connected, then M/A i s  2-connected and A 
i s  independent.
Proof .  We argue by induction on | A | . The case | A | = 1
i s  Theorem 1.26,  so suppose | A | > 1 and l e t  e be an element of 
A. I f ,  fo r  some non-empty subset  F of  A - e ,  the matroid M/e\F 
i s  2-connected,  then ,  s ince M\F i s  not 2-connected and has no 
loops ,  e i s  a coloop of M\F, by Theorem 1.31.  So, by (1 .2 8 ) ,  
M/e\F = M\F\e. But M\F\e i s  not 2-connected c o n t r a d ic t in g  the 
assumption t h a t  M/e\F i s  2-connected. Thus M/e\F i s  not 
2-connected fo r  a l l  non-empty subse ts  F o f  A - e .  So, by the 
induct ion  hypothes is ,  M/e/(A - e) i s  2-connected,  t h a t  i s ,  M/A 
i s  2-connected.
Now assume C i s  a c i r c u i t  of M contained in A and e i s  
an element o f  C. The s e t  C - e s a t i s f i e s  the hypotheses of  t h i s  
lemma and so M/(C -  e) i s  2-connected.  But the l a s t  matroid has 
e as a loop. Therefore M i s  the c i r c u i t  C and C = A. This i s  a 
c o n t ra d ic t io n  s ince  i t  implies t h a t  fo r  a subset  F of A having 
1 A | -  1 elements ,  M\F i s  2-connected.  V
The next lemma i s  a g e n e ra l iz a t io n  of (2 .2 ) .
(2 .6)  Lemma. Let A be a non-empty subse t  o f  2-connected matroid  M
such t h a t  M\A i s  2-connected. I f ,  fo r  every non-empty
proper subset  F of  A, the matroid M\F i s  not 
2-connected, then A i s  contained in a s e r i e s  c l a s s  of 
M. Actual ly ,  A i s  a s e r i e s  c l a s s  of  M unless M i s  the
c i r c u i t  C | ^ | + J . Moreover, fo r  any element e o f  A,
M\A = M/(A -  e ) \ e .
Proof.  We argue by induction on [ A | . I f  | A | = 1 ,  the
conclusion vacuously holds,  so suppose | A | ^  2. Consider the
2-connected matroid M/e, where e i s  an element of A. I f ,  for  
some non-empty proper subset F of  A - e,  the matroid M/e\F i s
2-connected, then e i s  a coloop of M\F. Thus, by Theorem 1.28,
M/e\F = M\F,e. But the l a t t e r  i s  not 2-connected, a 
co n t rad ic t io n .  Thus, for  every non-empty proper subset F of
A - e,  the matroid M/e\F i s  not 2-connected. So, by the
induct ion hypothesis ,  A - e i s  contained in a s e r ie s  of c la s s  of 
M/e and consequent ly , of M. S im ila r ly ,  fo r  an element f  of A 
d i s t i n c t  from e, the se t  A - f  i s  contained in a s e r ie s  c la s s  of
M. Therefore , A i s  contained in a s e r i e s  c l a s s  of  M.
Now suppose M i s  not + 1 and g i s  an element of
E(M) contained in the s e r i e s  c l a s s  conta ining A. Since M\A i s
2-connected and has more than one element,  g i s  an element of A 
and thus A i s  a s e r i e s  c l a s s  of M.
To ver i fy  the l a s t  s ta tement,  note t h a t  A - e cons is t s  
of coloops of  M\e and so, by (1 .28) ,  M\e (A - e) = M\e/(A - e ) .  V
The next lemma shows th a t  i f  M i s  a disconnected matroid and has 
a 2-connected minor whose ground s e t  i s  the complement of an 
independent se t  of M, then M has a coloop.
(2.7) Lemma. Let M be a disconnected matroid and A,A' be d i s j o i n t
subsets  of  E(M). Suppose t h a t  A U A1 i s  independent.  
I f  M/A\A' i s  2-connected, then A U A' conta ins  a coloop 
of  M.
Proof.  Since M i s  not 2-connected but M/aVa 1 i s ,  A U A'
contains  a component K of M. Therefore, s ince A U A' i s  
independent,  K contains  exact ly  one element. Moreover, t h i s  
element i s  not a loop of M. Thus K co n s is t s  of  a coloop of M. V
The next four lemmas give some proper t ies  of c e r t a in  minors of 
an (m,2 ) -matroid.
(2 .8)  Lemma. Let m be a p o s i t iv e  in te g e r .  I f  M i s  an (m,2)-matroid,
then,  fo r  a l l  elements e of  E(M), the matroid M/e i s  
(m-1,2 ) .
Proof. I f  m = 1, the conclusion holds by Theorem 1.26, so
suppose m > 1. I f ,  fo r  some element e of E(M), M/e i s  not 
(m-1,2) ,  then there  e x i s t s  a non-empty subset F of E(M/e) having 
a t  most m - 1 elements such t h a t  M/e\F i s  2-connected. Since M 
i s  (m,2), M\F i s  not 2-connected, and so, by (1 .31) ,  e i s  a
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coloop of M\F. By Theorem 1.28,  M/e\F = M\F,e. But since 
F U e has a t  most m elements,  M\F\e i s  not 2-connected. This 
c o n t r ad ic t s  the assumption t h a t  M/e\F i s  2-connected. V
(2.9) Lemma. Let M be an (m,2)-matroid, fo r  some p o s i t iv e  in te g e r  m,
and A be a k-subse t  o f  E(M), fo r  some k in
{ 0 , 1  m }. Then M/A i s  an (m-k,2)-matroid.
Proof.  We argue by induct ion on k. I f  k = 0, the
conclusion i s  immediate, so suppose 0 < k n and A i s  a
k-subset  of E(M). Now, fo r  an element e of A, the matroid
M/(A - e) i s  (m-k+1,2), by the induction hypothesis .  Therefore, 
since M/(A - e ) / e  = M/A, the matroid M/A i s  (m-k,2) ,  by (2 .8 ) .  V
(2.10) Lemma. Let M be an (m,2)-matroid o the r  than a c i r c u i t .  I f  M
has an element e contained in a s e r i e s  c la s s  of  more 
than m + 1 elements ,  then M/e i s  (m,2).
Proof. We argue by induct ion on m. I f  m = 0, the
conclusion follows from Theorem 1.26,  so suppose m> 1. I f  M/e 
i s  not (m,2),  the re  e x i s t s  a non-empty subset F of E(M/e) 
having a t  most m elements such t h a t  M/e\F i s  2-connected.
Since, by Lemma 2 .8 ,  M/e i s  (m-1,2 ) ,  I F | = m. So, s ince  M\F 
i s  not 2-connected, e i s  a coloop of M\F. But then,  by Theorem
1.28,  M/e\F = M\F\e. Therefore , by Lemma 2 .6 ,  F U e i s  a
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s e r i e s  c l a s s  of  M having exac t ly  m + 1 elements ,  a
c o n t r a d ic t io n .  V
(2.11)  Lemma. Let M be an (m,2 ) -matro id ,  fo r  some p o s i t i v e  i n t e g e r  m,
and l e t  A be an m-subset o f  E(M). I f  M/A\f i s
2-connected fo r  some element f  o f  E(M) -  A, then A U f
i s  conta ined  in  a s e r i e s  c l a s s  o f  M. Actua l ly ,  A U f
i s  a s e r i e s  c l a s s  o f  M unless  M i s  the  c i r c u i t  C ,m+ 2
Proof. We argue by induct ion  on m. I f  m = 1, the
conclusion follows from Lemma 2 .2 ,  so suppose m > 1. For an 
element e of  A, M/A\f = M/e/(A - e ) \ f ,  and, by Lemma 3 .3 ,  M/e 
i s  (m-1,2) .  So, by the induction hypothes is ,  (A - e) U f  i s  
conta ined in a s e r i e s  c l a s s  of  M/e and th e re fo re  of  M.
S im i la r ly ,  fo r  an element of  g of  A d i s t i n c t  from e ,
(A - g) U f  i s  conta ined in a s e r i e s  c l a s s  of  M. Therefore ,
A U f  i s  contained in a s e r i e s  c l a s s  of  M.
Now suppose M i s  not the c i r c u i t  Cm+2 and g i s  an
element of E(M) -  f  in s e r i e s  with f .  Since g i s  a coloop of 
M\f and M\f/A has more than two elements and i s  2-connected, g 
i s  contained  in A. Thus A con ta ins  a l l  the elements of
E(M) -  f  t h a t  a re  in  s e r i e s  with f  and so ,  A U f  i s  a s e r i e s  
c l a s s  of M. V
We now s t a t e  and prove the f i r s t  main r e s u l t  of  t h i s  s ec t io n .
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(2.12) Theorem. Let M be an (m,2)-matroid such t h a t  |E(M)| >_ 2m+2.
Then M has no c i r c u i t s  having fewer than 2m + 2 
elements .  Hence rkM i s  a t  l e a s t  2m + 1.
Proof.  We argue by induction on m. I f  m = 0, M has no
loops. I f  m = 1, M has no 2 - c i r c u i t s  because i t  i s  minimally
2-connected. Suppose C = ^ e j ,  e 2, e 3 } i s  a t r i a n g le  of M and 
consider  a subset ( e ^ ,  e j )  of C. By Lemma 1.26, i s
2-connected, and s ince We2 ,e j  i s  not 2-connected, M/ei \ e  ^ i s  
2-connected. Therefore, by Lemma 2.1, ( e i9e j }  i s  a
2 -c o c i rc u i t  of M. Thus, every two elements of  C form a 
2 -co c i rcu i t  of M and so, by Lemma 2.3,  M = C, a con trad ic t ion  
to the assumption t h a t  | E(M) | >_ 4.
Suppose m > 1 and the conclusion holds fo r  a l l
non-negative in teg e rs  le ss  than m. I f  C = { e Is e 2 e 2m }
i s  a c i r c u i t  of M, then C - e 2 i s  a c i r c u i t  of M/e2 and
| C - e j |  = 2(m - 1) + 1. This c o n t rad ic ts  the induct ion 
hypothesis ,  s ince ,  by Lemma 2.8,  M/e^ i s  (m-1,2).  Now suppose 
C = {e j , e 2 , . . . ,  e 2m + 2 } i s  a c i r c u i t  of M, and l e t
{ e . ,  e .} be a subset of C. Since C - { e , ,  e .} i s  a c i r c u i t
• i  j  i  j
of M/ei t e .  having 2m - 1 elements, M /e^e^  i s  not (m-1,2).  But 
M/ei , e .  i s  (m-2,2),  by Lemma 2.9.  So there  e x i s t s  a subset F 
of  EM/e^e^ .)  having exact ly  m - 1 elements such th a t  M/e^e^XF 
i s  2-connected. Since M/e.\ F i s  not 2-connected, e^ . i s  a
coloop of M/e^F,  and so M/e^XF/e^ = M/e^FXe^. Thus, by Lemma
2.6 applied to  Wei , the se t  F U e^ . i s  contained in a se r ies
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c l a s s  of M. S im i la r ly ,  F U e.. i s  contained in a s e r i e s  c la s s  
of  M. Therefore , { ei , e^.} i s  a 2 - c o c i r c u i t  of  M. Thus every 
two elements of C form a 2 - c o c i r c u i t  of M and so, by Lemma 2.3,  
M i s  the c i r c u i t  C. This c o n t r a d i c t s  the assumption t h a t
| E(M) | > 2m + 2. V
Next we descr ibe  the matroids t h a t  are  (m,2) and have fewer 
than 2m + 3 elements.
(2.13) Lemma. Let m be a p o s i t i v e  i n t e g e r .  I f  M i s  an (m,2 ) -matroid 
such t h a t  m + 2 < | E(M) | < 2m + 2, then M i s  a
c i r c u i t .
Proof.  F i r s t  suppose t h a t  |E(M)| = m + 2. Let A be an
m-subset of  E(M). Then, by ( 2 .5 ) ,  A i s  independent.  Thus
every m-subset of  E(M) i s  independent.  Now i f  C i s  an
(m+1 ) - c i r c u i t  o f  M, then M\(E(M) -  C) i s  the c i r c u i t  C and
th e re fo re  2-connected, a c o n t r a d ic t io n .
Now suppose t h a t  m + 2 £  | C |<  | E(M) | . Then
| E(M) - C| £  m, and so, s ince M i s  (m,2),  M\(E(M) - C) i s  not
2-connected. This i s  a c o n t r a d ic t io n  s ince t h i s  matroid i s  the 
c i r c u i t  C. V
Now we give a c h a r a c t e r i z a t i o n  of the matroids t h a t  are  (m,2).
(2.14) Theorem. Let m be a p o s i t iv e  in teg e r .  M i s  an (m,2)-matroid 
i f  and only i f  | E(M)| ^  m + 2 and e i t h e r
( i )  M i s  2-connected and every element of M i s  in a
s e r i e s  c l a s s  of  a t  l e a s t  m + 1 elements; or
( i i )  M = S((M^/QiJPj), (M2/Q2 ;P2 )) where, for  
i = 1 ,2 ,  Mi i s  (m,2) having a t  l e a s t  3m + 3
elements,  | Qi  | = m, and Qi  U pi  i s  contained
in a s e r i e s  c l a s s  of  Mi.
Proof.  Assume | E(M) 1 >_ m + 2. I f  M is  2-connected and 
every element i s  in a s e r ie s  c l a s s  of a t  l e a s t  m + 1 elements,  
i t  i s  c l e a r  t h a t  M i s  (m,2). So suppose t h a t  M i s  a s e r ie s  
connection as in ( i i ) .  Then, fo r  i = 1 , 2 ,  Mi/Qi i s  
2-connected, by (2 .5 ) .  Therefore, M i s  2-connected, by (1 .38) .
Next we show th a t  M i s  (m,2).  Let F be a non-empty 
subset  of E(M) having a t  most m elements,  and, for  i = 1 ,2 ,  l e t  
Fj; = F fl E(Mi ).  I f  p i s  an element of  F, then 
M\F = (MI /Qi \F i \p J ) + (M2/Q2\  F2 \p2 ),  by (1 .40) ,  and so M\F i s  
not 2-connected. Now suppose t h a t  p i s  not in F. Then, by 
(1 .41) ,  M\F = S((MJ /Qi \FI ;pJ ) ,  (M2/Q2\  F2 ;p2 ) ). Since a t  l e a s t  
one of F2 and F2, say F^, i s  non-empty, we must have t h a t  
Mi /QJ \FI i s  not 2-connected. To see t h i s  note t h a t  i f  Mj /QjNFj  
i s  2-connected, then,  since M^Fj i s  not 2-connected and Q2 i s  
independent, Q2 conta ins  a coloop q of  MJ\ F J , by (2 .7)  applied 
to  Mj \F j  with A = Qj, and A' = <f> . But since ( q,Pj) i s  a 
2 - c o c i rc u i t  of M2, the element p2 i s  a coloop of MjXF^  and of
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M ^F j /Q p  a co n t ra d ic t io n .  Thus MJ\ F J /QI i s  not 2-connected 
and so, by (1 .38) ,  M\F i s  not 2-connected.
For the converse, suppose M i s  (m,2). Then i t  i s  c le a r  
t h a t  | E(M) | 21 m + 2. Assume t h a t  M has an element p which i s  
not in a s e r ie s  c la s s  of a t  l e a s t  m + 1 elements.  Then M is  
not a c i r c u i t ,  and so, by (2 .13) ,  | E(M) | _> 2m + 3. Now M\p
is  not 2-connected and has a t  l e a s t  one component with more 
than one element, fo r  i f  every component of M\p has exact ly  one 
element,  then p i s  in a s e r i e s  c la s s  of M having a t  l e a s t  m + 1 
elements.  Also i f  K i s  a component of M\p having a t  l e a s t  two 
elements,  K must have a t  l e a s t  2m + 2 elements,  by Theorem 
2.12. Furthermore, M\p cannot have exac t ly  one component with 
two or more elements ,  otherwise M\p would have a t  most m - 1 
coloops and de le t ing  these coloops would r e s u l t  in a
2-connected matroid, con t rad ic t ing  the f a c t  t h a t  M i s  (m,2). 
Thus M\p = N_j + N2 where | N2 | , | N2 | ^  2m + 2.
Now, by (1 .39 ) ,  M = S((M/E(N3) ),  (M/E(N2 )))  where p i s  
the basepoint of both M/E(N^) and M/E(N2). Let N3 = M/E(N2 ) 
and H4 = M/E(N2 ). Then each of N3 and N4 has a t  l e a s t  2m + 3 
elements.  Also, s ince S(N3 , N4 ) i s  2-connected, N3 and N4 are 
2-connected.
Now consider  a non-empty subset  F of E(N3 ) not 
conta ining p and having a t  most m elements.  Then, since  
M\F = S(N^F,  N4 ) and M\F i s  not 2-connected, N3\ F  i s  not 
2-connected, by (1 .38) .  S im i la r ly ,  N4\ F  i s  not 2-connected fo r  
a l l  non-empty subsets  F of E(N4 ) not containing p and having a t
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most m elements.  Now add m elements in s e r ie s  with pj, in N2 to 
get  a new matroid Mj, and l e t  Qj be the se t  of these elements.
S im i la r ly ,  l e t  Q2 be the se t  of m elements added in s e r ie s  to
p2 in N4 to form a new matroid M2. Clear ly ,  and M2 are 
2-connected. Furthermore, each of M2 and M2 has a t  l e a s t
3m + 3 elements.
To f in i s h  the proof we need to  show t h a t ,  for  i = 1 ,2 ,  
Mi  i s  (m,2).  Let F be a non-empty subset  of  E(Mi ) having a t
most m elements.  I f  F (1 (Qi  U pi ) f  <f> , then MAF i s  not 
2-connected because i t  has a coloop. So suppose t h a t  
F fl (Qi  U p i ) = <t> and th a t  M\ F i s  2-connected. Since 
N . ^ A F  = M \F /Q .  and the l a t t e r  i s  not 2-connected, N. \ F
1 + 2  l ^ i  1 + 2
has a t  l e a s t  two components K and H . Assume th a t  pi  e and
consider  an element x of  H.. Since MAF i s  2-connected, there
i  i
i s  a c i r c u i t  C of  M2\  F such th a t  { pi s x } <= C. But, since
Qi  U pi  i s  contained in a s e r i e s  c l a s s  of M^F, . Q C, by
(2 .4 ) .  Thus, s ince  C - Q. i s  a c i r c u i t  of M\F/Q.  containing
i  i  i
p and x, we have a co n t rad ic t io n .
Then we can see t h a t  M can be obtained by taking the 
s e r i e s  connection of  MI /QI and /Q2 with re spec t  to  the 
basepoint  p. V
Since | E(Mi /Qi ) | _> 2m + 3 in the l a s t  r e s u l t ,  we must have 
t h a t  I E(M) | > 4m + 5. The cycle matroid of the following graph
shows t h a t  these two bounds are bes t  poss ib le .
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m+2
m+1m+1
2m+l2 m+22m+l 2 m+2
FIGURE 2
The matroid U [ l ,k ,d ]  i s  obtained from the uniform matroid U[l ,k ]  
by replacing  each of i t s  elements by d elements in s e r i e s .
U[1 ,k ] :
k
U [ 1 , M ] :
kd
FIGURE 3
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(2.15) Corol lary .  Let m and r  be p o s i t iv e  in tege rs  with r  _> 2m + 1.
An (m,2)-matroid M of  rank r  has a t  most 
-  —t  1 ( r  -  1) elements.  Moreover, the upper bound 
i s  a t t a in e d  i f  and only i f  M i s  isomorphic to
UC1, ---1— , (m + 1 ) ] .m
Proof.  We argue by induction on | E(M) |. I f
m + 2  <_ | E(M) | <_ 2m + 1, the rank of M is  le ss  than 2m + 1, 
and so the conclusion vacuously holds.  I f  | E(M) | = 2m + 2, 
then,  by (2 .13) ,  M i s  a c i r c u i t  of rank 2m + 1 and the 
conclusion holds.  Suppose | E(M) | >_ 2m + 3, and note t h a t ,  by 
Theorem 2.12, rkM _> 2m + 1. I f  M has an element p which i s  not 
in a s e r i e s  c l a s s  of  a t  l e a s t  m + 1 elements,  then,  by Theorem 
2.14, M = SMMj/Qjjpj),  (M2/Q2;p2)) where, fo r  i = 1 , 2 ,  Mi i s  
(m,2) having a t  l e a s t  3m + 3 elements and the re fo re  having rank 
a t  l e a s t  2m + 1. Now, by (1 .35) ,  rkM = rk(MI /QJ ) + rk(M2/Q2 ) 
and thus
rkM = rkMj + rkM2 - 2 m ............................................... (1)
Moreover,
I E(M) | = | E(M2) | + 1 E(M2) | -  2m - 1 . . (2)
From (2) we can see t h a t ,  fo r  i = 1 ,2,
| E(M2 ) | < | E(M) | and so, by the induction hypothesis,
| E(M.) |< !!L±J.(rkM. - 1).  Thus | E(M ) | + I E(M ) |<
i  m  i  x  b
m-+ 1 (rkM + rkM - 2) ,  and, by (1) and (2) ,  | E(M) |<_m j .  4
■ ft * 1 ( rkM + 2m - 2) - 2m - 1 < m * 1 ( r  -  1). m m
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Now i f  M has an element e which i s  in a s e r ie s  c lass  of 
more than m + 1 elements,  then,  by Lemma 2.10, M/e i s  (m,2) and 
so, by the induction hypothesis ,
| E(M) | - 1 = |  E(M/e) I < 01 + 1 (rk(M/e) - 1) = m + 1 ( r  - 2) <— m m
!L±jL{r  - 1).m
Now we may assume th a t  every element of M i s  in a
s e r i e s  c l a s s  of exact ly  m + 1 elements.  Let 
{ S(e2 ) ........................  ^ be the se t  of s e r i e s  c lasses  of M. Since
{ S(e1 ),  . . . ,  S(ek) } i s  a p a r t i t i o n  of E(M), ( E(M) | =
k
k(m + 1 ) .  Moreover, S(e2 ) U (U  ^ (S(e^) -  e i )) i s  independent,
and so rkM > km + 1. Therefore | E(M) | < m + .1 ( r  - 1) with — — m
equ a l i ty  being a t t a in e d  i f  and only i f  rkM = km + 1. But i f
rkM = km + 1, then, fo r  ( i , j} a subset  of { 1, 2, . . . ,  k } ,
S(ei ) II S (e . )  i s  a c i r c u i t .  To see t h i s  note t h a t  i f
S (e . )  U S(e .) i s  independent,  then S( e .) U S(e .) U
( U S(e . )  -  e . )  has km + 2 elements and so i s  dependent, a 
i / j y t  t t
c o n t rad ic t ion  to  Lemma 2.4.  Hence i f  rkM = km + 1, then
M = ULl, m * 1 , m + 1 ] .  Evidently the converse of t h i s  also 
holds.  v
SECTION 2. (m,2)-MATR0IDS RELATIVE TO A SET
In t h i s  section we will show t h a t  i f  M i s  (m,2) r e l a t i v e  to a 
s e t  A, then, unless  A i s  independent,  A contains a t  l e a s t  
| A | -  rkA + 1 s e r i e s  c la s se s  each conta ining a t  l e a s t  m + 1
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elements.  Then we use t h i s  r e s u l t  to  give an app l ica t ion  to 
(m,2)-graphs r e l a t i v e  to  a cycle C.
(2.16) Lemma. Let M be an (m,2)-matroid r e l a t i v e  to  a subset  A of
E(M), and l e t  e be an element o f  A. I f  M/e\F i s
2-connected fo r  some non-empty subset  F of  A -  e ,  then
I F I > m*
Proof. Suppose | F | <m. Since M\F i s  not 2-connected 
and M\F/e i s  2-connected, e i s  a coloop of M\F. So, by Lemma
1.28, M\F/e = M\F\e, but the l a t t e r  i s  not 2-connected, a 
co n t rad ic t io n .  V
Oxley [20] proved the following r e s u l t  which i s  a s trengthening 
of  a r e s u l t  of Seymour.
(2.17) Lemma. Let M be a 2-connected matroid having a t  l e a s t  two
elements and { e J , e 2, . . . ,  e^} be a c i r c u i t  of M such 
t h a t  M\e1 i s  not 2-connected fo r  a l l  i in
{ 1, 2, . . . ,  k-1 } .  Then { e2 , e2 , . . . ,  e ^  }
conta ins  a 2 - c o c i r c u i t  o f  M.
The following i s  a genera l iza t ion  of  t h i s  r e s u l t .
(2.18) Lemma. Let C = { eJ t  e2 .........e^ } be a c i r c u i t  o f  a
2-connected matroid. I f  M i s  an (m,2)-matroid r e l a t i v e
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to  { e 2 » 6 2 * •••» & k -i} » then f e j ,  6  2 * •••» &k-i  ^
con ta in s  a s e r i e s  c l a s s  having a t  l e a s t  m + 1 elements .
Proof .  We argue by induct ion  on k. I f  k = m + 1,
then,  by Lemma 2 .5 ,  { e j ,  e 2 , . . . ,  ek- 2 } does not s a t i s f y  the
hypotheses of the theorem. Thus we may assume t h a t  k > m + 1 .
Consider the  c i r c u i t  { e 2, e 3.............. e k - i ^  the 2-connected
matroid M/ej. I f ,  fo r  every non-empty subse t  F of
{ e 2, e3 , . . . ,  e ^ ^  } having a t  most m elements ,  M/eJ \F i s  not
2-connected, then ,  by the induct ion  hypothes is ,  
{ e 2t e 3, . . . ,  e k _j  ) con ta ins  a s e r i e s  c l a s s  of  a t  l e a s t
m + 1 elements .  So suppose M /e^F i s  2-connected fo r  some
non-empty subse t  F of  { e l t  e 2> . ek _j  ) having a t  most m 
elements .  Then, by Lemma 2.16 ,  I F I >_ m, and so | F | = m. 
Since M/e2\F  = M\F\e2 , the s e t  F U e :  i s  conta ined in a s e r i e s  
c l a s s  of  M, by Lemma 2 .6 .  Hence { e2 , e2 , . . . ,  e k _ 2  }
conta ins  a s e r i e s  c l a s s  of  a t  l e a s t  m + 1 elements .  V
The fol lowing two r e s u l t s  are  a l so  g en e ra l i z a t io n s  of r e s u l t s  
of  0x1ey [20].
(2 .19)  Theorem. Let C be a c i r c u i t  o f  a 2-connected matroid M. I f
M i s  (m,2) r e l a t i v e  to  C, then e i t h e r  M i s  the  
c i r c u i t  C o r  C co n ta in s  a t  l e a s t  two s e r i e s  c l a s s e s  
o f  M each having a t  l e a s t  m + 1 elements.
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Proof.  We argue by induct ion  on | C |. I f  | C | i s  m or
m + 1, then C does not s a t i s f y  the  hypotheses, by Lemma 2 .5 ,  so 
suppose | C | > m + 1. Then, by Lemma 2.18, th e re  e x i s t s  a
s e r i e s  c l a s s  S of M having a t  l e a s t  m + 1 elements contained in
C. I f  every element of C i s  in S, then ,  by Lemma 2 .3 ,  M = C. 
So assume C con ta in s  an element e which i s  not in  S, and 
cons ider  the c i r c u i t  C - e of  the 2-connected matroid M/e. Now 
i f ,  fo r  every non-empty subse t  F o f  C - e having a t  most m
elements,  M/e\F i s  not 2-connected, i t  fo l lows,  by the
induct ion  hypothes is ,  t h a t  C - e con ta in s  a t  l e a s t  two s e r i e s  
c l a s s e s  of  M/e each having a t  l e a s t  m + 1 elements.  Therefore ,  
C con ta ins  the requ ired  two s e r i e s  c l a s s e s  of M. On the o th e r  
hand, i f  F i s  a non-empty subset  of C - e having a t  most m
elements and M/e\F i s  2-connected, then,  by Lemma 2.16,
| F | = m. Since M/e\F = M\F\e, i t  follows by Lemma 2.6  t h a t
F U e i s  a s e r i e s  c l a s s  of M which i s  c l e a r l y  d i s t i n c t  from S. V
(2.20) Corol lary  Let M be a 2-connected matroid o th e r  than a
c i r c u i t ,  and A be a subse t  o f  E(M). I f  M i s  (m,2) 
r e l a t i v e  to  A, then e i t h e r  A i s  independent ,  o r  A 
co n ta in s  a t  l e a s t  | A | -  rkA + 1 s e r i e s  c l a s s e s  of  
M each having a t  l e a s t  m + 1 elements .
Proof.  We argue by induct ion  on | A | .  I f  | A | i s  m or  
m + 1, then ,  by Lemma 2 .5 ,  A i s  independent,  so suppose 
| A | > m + 1 and A i s  dependent.  Let C be a c i r c u i t  of  M
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contained in A and e be an element of C. Consider the dependent 
s e t  A - e of the 2-connected matroid M/e. I f ,  fo r  every 
non-empty subset F of A - e having a t  most m elements,  M/e\F i s  
not 2-connected, then M/e i s  (m,2) r e l a t iv e  to  A - e.  So, by 
the induction hypothesis ,  A - e contains  a t  l e a s t  | A - e [ - 
r k ' (A - e) + 1 s e r i e s  c la s se s  of  M/e each having a t  l e a s t  m + 1 
elements,  where rk'  i s  the rank function of M/e. But 
| A - e  | -  rk '(A - e) + 1 = ( A [ -  1 - (rkA - 1) + 1 =
| A | - rkA + 1. Therefore the required conclusion holds.
Suppose M/e\F i s  2-connected for  some non-empty subset 
F of A - e having a t  most m elements.  Then F has exactly  m 
elements.  Since M/e\F = M\F\e, the s e t  F U e i s  a s e r i e s  c l a s s  
of M, by Lemma 2.6.  Now l e t  A' = A - (F U e ) .  Since,  by 
(2 .19) ,  C conta ins a s e r i e s  c l a s s  of  M other  than F U e ,  A' has 
a t  l e a s t  m + 1 elements.  Furthermore, M i s  (m,2) r e l a t i v e  to 
A'. By Lemma 2 .4 ,  rkA1 +m = r k (A' U F) £  rkA. Now i f  A' i s  
dependent,  then, by the induction hypothesis,  A' contains a t  
l e a s t  | A' | - rkA' + 1 s e r i e s  c la s se s  of M each having a t  l e a s t  
m + 1 elements.  But | A' | -  rkA' + 1 >_ | A | -  m - 1 -
(rkA - m) + 1 = |A | -  rkA. Thus, since F U e i s  a s e r ie s  
c l a s s  of M not contained in A1, the se t  A contains a t  l e a s t  
| A | -  rkA + 1 s e r i e s  c la s se s  of M each having a t  l e a s t  m + 1 
elements.  On the otherhand, i f  A' i s  independent,  A' U F i s  
independent,  again by Lemma 2.4,  and so, s ince A = A' U F U e 
i s  independent,  A conta ins  exact ly  one c i r c u i t ,  the c i r c u i t  C.
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But in t h i s  case ,  I A I -  rkA + 1 = 1  A |  -  (I A i  - 1 ) + 1  = 
2. Hence the conclusion follows from Theorem 2.19. V
Let G be a graph and A be a subset of the se t  of edges of G.
The graph obtained from G\A by removing a l l  i t s  i so la ted  v e r t ic e s  i s
denoted by (G\A).
Recall t h a t  a graph G i s  (m,2) r e l a t i v e  to  a se t  of edges A
having a t  l e a s t  m elements i f  i t s  cycle  matroid M(G) i s  (m,2) r e l a t i v e
to  A. In o the r  words, G i s  (m,2) r e l a t i v e  to A i f ,  for  every
non-empty proper subset  F of  A, the graph (G^F) i s  not 2-connected.
In [20j ,  0x1ey proved the following lemma for  ( 1 ,2 ) -graphs 
r e l a t i v e  to  a cycle  C. We give a d i f f e r e n t  proof of t h i s  r e s u l t  which 
i l l u s t r a t e s  the proof of the general case.
(2.21) Lenina. Let G be a 2-connected graph. I f  G i s  (1 ,2)  r e l a t i v e
to  a cycle  C, then e i t h e r  G i s  the cycle C o r  the cycle
C meets two v e r t ic e s  o f  G of degree two which are 
separated  on C by v e r t i c e s  of  degree g re a te r  than two.
Proof.  We argue by induct ion on I C I. I f  I C I = 2, G 
cannot be minimally 2-connected r e l a t i v e  to C. Also, i f
| C | = 3, then,  by (2 .19) ,  G i s  the cycle C. So suppose 
| C | > 3 and G i s  not the cycle C. I f  C has an element e 
which i s  in no 2 - c o c i r c u i t s ,  then,  by (2 .1 ) ,  M(G)/e\f i s  not 
2-connected fo r  a l l  elements f  of the c i r c u i t  C - e of the 
2-connected matroid M(G)/e. On the other  hand, i f  e i s  an
element of C which i s  in a s e r i e s  c lass  of a l e a s t  three 
elements,  then fo r  any element f  of  C - e,  whether f  i s  in
se r ie s  with e or not,  M(G)/e\f i s  not 2-connected. In e i th e r  
case ,  the graph G/e\f  i s  not 2-connected, fo r  a l l  elements f  of
the cycle C - e of G/e. But then, by the induction hypothesis,
C - e has the required two v e r t i c e s  u,v of  G/e. Since the
contrac t ion  of an edge of an loop!ess  graph does not decrease 
the degree of any ver tex of the graph, and since e i s  not
inc iden t  with both u and v in G, u and v have the required
proper t ie s  of  G.
We may now suppose t h a t  every element of C i s  in a 
s e r i e s  c la s s  of exac t ly  two elements.  Also note t h a t ,  s ince  G i s  
not the cycle C, C meets a t  l e a s t  two ve r t ic e s  of degree a t
l e a s t  th re e .  Now suppose t h a t ,  fo r  some 2 -c o c i rcu i t  { e2 , e 2 }
of M(G) contained in C, the matroid M(G)/eJ}e2 i s  2-connected. 
Then, fo r  any element f  o f  C - { e2 , e 2 ), the matroid
M(G)/e7 , e ^ \ f  i s  not 2-connected s ince  i t  has a coloop.
Therefore M(G)/e2, e 2 i s  (1,2) r e l a t i v e  to the c i r c u i t  
C - { e 2 , e 2 ) .  Hence, by the induct ion hypothesis ,  G/e2 , e 2, and 
consequently G, has the required two v e r t i c e s .  Thus, since M/e^
i s  2-connected, and by the dual of (1 .26) ,  we can assume th a t ,
fo r  every 2 - c o c j r c u i t  { e jSe 2 } of M(G) contained in C, the 
matroid M(G)/e2\ e 2 i s  2-connected. But then, since e2 i s  a 
coloop of M(G)\e2 , we have t h a t  M(G)/e2\ e 2 = M(G)\ e , e 2. Thus 
M(G)\e2 , e 2 i s  2-connected. Therefore M(G\e ,e2 ) is  
2-connected. But s ince  G \e j ,e 2 i s  disconnected, { e2, e 2 } i s  a
ver tex  c o c i r c u i t .  Hence, s ince  C con ta ins  a t  l e a s t
2 - c o c i r c u i t s ,  we have the  requ ired  conclus ion .  V
The next lemma i s  needed in the proof of  the general case of 
the l a s t  r e s u l t .
(2 .22)  Lemma. Let F be an independent s e t  o f  a 2-connected matroid
M, and l e t  S be a s e r i e s  c l a s s  o f  M. I f  M\S i s  not 
2-connected , then M\S\F i s  not 2-connected.
Proof.  Suppose M\S\F i s  2-connected. Then, s ince MVS i s  not 
2-connected, F con ta ins  a component K of  M\S. But s ince  F i s  
independent ,  K c o n s i s t s  of  a s in g le  coloop o f  M\S, a 
c o n t r a d ic t io n  s ince  S i s  a s e r i e s  c l a s s  of  M. V
(2.23)  Theorem. Let G be a loop less  graph which i s  (m,2) r e l a t i v e  to
a cyc le  C. Then e i t h e r  G i s  the  cyc le  C o r  C
con ta in s  two paths P2,P 2 each having a t  l e a s t  m 
consecu t ive  v e r t i c e s  o f  degree two in  G. Moreover, 
P2,P 2 a >"e separa ted  on C by v e r t i c e s  o f  degree 
g r e a t e r  than two.
Proof.  We argue by induct ion  on m and | C | . The case 
m = 1 i s  Lemma 2 .21 ,  so suppose m > 1 and cons ide r  the 
2-connected matroid M(G). By Lemma 2 .5 ,  | C | > m + 1.
Furthermore, i f  m + 2 < | C | < 2m + 2, then ,  by Theorem 2.19,
M(G) i s  the c i r c u i t  C. So assume | C | > 2m + 2 and M(G) i s  not 
the c i r c u i t  C. I f  C conta ins  an element e which i s  in a s e r i e s  
c l a s s  of more than m + 1 elements ,  cons ide r  the c i r c u i t  C - e of 
the  2-connected matroid M(G)/e. Let F be a non-empty subse t  of 
C - e having a t  most m elements .  Then M(G)/e\F i s  not 
2-connected,  fo r  i f  o therwise ,  by Lemma 2 .6 ,  F U e i s  a s e r i e s  
c l a s s  of M(G) having a t  most m + 1 elements,  a c o n t r a d i c t io n .  
Thus M(G)/e i s  (m,2) r e l a t i v e  to  the  c i r c u i t  C - e and
consequent ly ,  G/e i s  (m,2) r e l a t i v e  to  t e  cycle C - e .  Then, by 
the induct ion  hypothesis  on | C |, the cycle  C - e has two paths  
and ?2 s a t i s f y i n g  the required  p ro p e r t i e s  of G/e. Therefore ,  
P and P 2 s a t i s f y  the  required  p r o p e r t i e s  in G.
Now suppose t h a t  C con ta in s  an elements e which i s  in 
a s e r i e s  c l a s s  S having l e s s  than m + 1 elements.  Consider the 
c i r c u i t  C - S of  the 2-connected matroid M(G)/S. Now suppose
t h a t ,  f o r  a non-empty subse t  F o f  C - S having a t  most m
element,  M(G)/S\F i s  2-connected. Then, s ince M(G)\F i s  not
2-connected,  S con ta in s  a coloop of M(G)\F. So 
M(G)/S\F = M(G)\S\F. But then we have a c o n t ra d ic t io n  s in ce ,  by 
Lemma 2.22, M(G)\S\F i s  not 2-connected. Therefore , fo r  every 
non-empty subset  F o f  C - S having a t  most m elements ,  M(G)/S\F 
i s  not 2-connected. That i s ,  G/S i s  (m,2) r e l a t i v e  to  the cycle  
C - S. Therefore ,  by the induct ion  hypothesis  on | C | ,  the 
cycle  C - S con ta ins  two paths  P2 »P2 s a t i s f y i n g  the required
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p ro p e r t i e s  in G/S. Hence P j ,P 2 are  two paths of G with the 
required p ro p e r t i e s .
We may now assume t h a t  every element of C i s  in a 
s e r i e s  c l a s s  of M(G) having exact ly  m + 1 elements.  Then, by 
the induction hypothesis on m, C conta ins  two paths P1 ,P2 each 
having a t  l e a s t  m - 1 consecutive v e r t i c e s  of degree two in G. 
Furthermore, P^  and ?2 are separated on C by v e r t ic e s  of degree 
g rea te r  than two. Suppose one of  the two pa ths ,  say P2 , has 
exact ly  m - 1 consecut ive v e r t i c e s  of degree two in G, and l e t  H 
be the s e t  of edges in c id en t  with these  v e r t i c e s .  Then 
| H | = m, and H U e i s  a s e r i e s  c la ss  of M(G) fo r  some edge e 
of  C. Note t h a t  each of  the end v e r t i c e s  of  e has a degree of 
a t  l e a s t  th ree  in G. Clear ly ,  e i s  a bridge of the connected 
graph (G\H). Therefore, (G\H/e) has a cu t  ver tex .  That i s  
M(G) \H/e i s  not 2-connected. Now consider  the c i r c u i t  C - e of 
M(G)/e. I t  i s  not d i f f i c u l t  to  check t h a t ,  fo r  every non-empty 
subset  F of C - e having a t  most m elements,  M(G)/e\F i s  not 
2-connected. Therefore, G/e i s  (m,2) r e l a t i v e  to  the cycle 
C - e .  Now the conclusion follows by the induction hypothesis 
on |C | . v
CHAPTER 3
ALMOST- (2 ,2 ) -MATROIPS, AND (2 ,3 )-MATROIDS
In t h i s  chapter ,  we shall  examine the s t ru c tu re  of the 
2-connected matroids M having a t  l e a s t  two elements and s a t i s fy in g  the 
following two p ro p e r t i e s :
(1) M\x,y i s  not 2-connected, for  a l l  elements x,y of E(M); and
(2) M has a t  l e a s t  one element e such t h a t  M\e i s  2-connected.
Let M be a 2-connected matroid s a t i s fy in g  p roper t ie s  (1) and (2) 
and A be the s e t  of elements e of M fo r  which M\e i s  2-connected. 
Here we note the following obvious f a c t .
(3.1) Lemma. There i s  no element of A which is  in a 2 -coc ircu it  of
M. Moreover, there i s  no element of E(M) - A which is  
in a 2 -c i r c u i t  of M.
Now we show t h a t  e i t h e r  E(M) = A or | E(M) - A | i s  a t  l e a s t
th ree .
(3.2) Lemma. | E(M) -  A | f  1.
Proof. Suppose E(M) - A = { x } . Then M\x i s  not
2-connected and, by (3.1) i t  has no coloops. Therefore 
M = S((M ';x) ,  (M";x)) where M‘ and M" are 2-connected matroids 
having a t  l e a s t  th ree  elements,  by (1 .39) .  Now l e t  e be an
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element of E(M') -  x and f  be an element of E(M") - x. Since
M\e i s  2-connected and, by (1 .41) ,  i s  equal to  S(M'\e,M"), M'\e 
i s  2-connected, by (1 .38) .  S im i la r ly ,  M"\f i s  2-connected. So, 
by (1 .38) ,  S((M* \e ) , (M " \ f )) i s  2-connected. This i s  a
con t rad ic t ion  s ince S((M1\ e ) , (M" \ f )) = M\e,f and the l a t t e r  
matroid i s  not 2-connected. V
(3.3) Lemma. Let M be a 2-connected matroid and p,q be d is t in c t
element of E(M). I f  M\q and M\p,q are not 2-connected, 
then M/p\q i s  not 2-connected.
Proof. Suppose t h a t  M/p\q i s  2-connected. Then, s ince  M\q 
i s  not 2-connected, { p,q } i s  a 2 -co c i r c u i t  of M, by (2 .1 ) .  
Thus, since p i s  a coloop of  M\q, we have t h a t  M\q/p = M\q,p, by
(1 .8 ) .  This i s  a c o n t rad ic t ion  s ince  the l a t t e r  matroid i s  not 
2-connected. V
(3.4) Lemma. | E(M) - A | f  2.
Proof. Suppose E(M) - A = { x,y> . Then, by (3 .3 ) ,  M/x\y 
i s  not 2-connected. Now i f  z i s  a coloop of M/x\y, then,  since 
M has on coloops, ( y , z  } i s  a 2 -c o c i r c u i t  of M. This i s  a 
con trad ic t ion  since z i s  an element of  A. Therefore , since 
M/x\y i s  not 2-connected and has no coloops, 
M/x = S((M';y) ,(M";y))  where M' and M" are  2-connected matroids
each having a t  l e a s t  th ree  elements ,  by (1.39). Let e be an
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element of E(M') - y and f ,g  be elements of E(M") - y.  Since 
M/x\e and M/x\f a re  2-connected, M'\e and M"\f are  2-connected. 
Therefore, since M/x\e ,f  = S ( (M '\e ) , (M " \ f ) ) ,  M/x\e, f i s  
2-connected, by (1 .38) .  So, s ince  M\e,f i s  not 2-connected and 
n e i th e r  e nor f  i s  in a 2 - c o c i rc u i t  of M, the se t  { e , f , x }  i s  a 
t r i a d  of M. S im ila r ly ,  ( e , g , x >  i s  a t r i a d  of M. Therefore, 
by c i r c u i t  e l im ina t ion ,  { e , f , g }  contains a c o c i r c u i t  of M 
containing g. But then M/x\e,f has a coloop, a co n t rad ic t io n .  V
We shall  consider  the following cases:
( 1 )  I A | = 1 ,
(2) 2 < i A | < | E(M) |- 3 , and
(3) E(M) = A.
SECTION 1 . THE CASE A = { e } .
In Theorem 3.8 ,  we give a ch a rac te r iz a t io n  of such matroids M 
showing t h a t  e i t h e r  M has two (2,2) minors each having one element 
fewer than M, or M i s  the pa ra l l e l  connection with basepoint e of  two
matroids t h a t  are c lose  to  being (2 ,2 ) .  Then t h i s  c h a ra c te r iz a t io n  i s
used to obtain an upper bound on the number of elements of M in terms 
of the rank funct ion.  Also the matroids a t t a in in g  t h i s  upper bound 
are completely described.
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(3.5) Lenina. M\e i s  (2 ,2 ) .
Proof. Let x,y be d i s t i n c t  elements of E(M) - e.  If  
M\e,x,y i s  2-connected, then, since M\e,x i s  not 2-connected, y 
i s  a coloop of M\e,x. So, by (1 .28) ,  M\e,x,y = M/y\x,e.  Now, 
by (3 .3 ) ,  M/y\x i s  not 2-connected. Therefore e i s  a loop or 
coloop of M/y\x. But i f  e i s  a loop of M/y\x, then, s ince  M is  
2-connected, { e ,y  ) i s  a 2 - c i r c u i t  of M. This i s  a 
c o n t rad ic t io n  to (3 .1 ) .  Thus e i s  a coloop of M/y\x. Therefore 
{ e ,x  } a 2 - c o c i r c u i t  of M. This i s  a lso  a co n t rad ic t io n  to
(3 .1 ) .  Hence M\e,x,y i s  not 2-connected. V
(3.6) Lemma. | E(M) | > 7.
Proof. By the l a s t  lemma, M\e i s  (2 ,2 ) .  Therefore M\e has 
a t  l e a s t  four elements.  Suppose t h a t  M\e has exact ly  four 
elements.  Then, by (2 .13) ,  M\e i s  the c i r c u i t  C4 . So, since  M 
i s  2-connected and e i s  not in p a ra l l e l  with any o ther  element
of  M, e i s  in a t r i a n g le  or 4 - c i r c u i t  of M. Let C be a c i r c u i t
of M containing e. Then, s ince |E(M)|= 5, we must have th a t  
1 £  | E(M) - C | _< 2 .  Therefore M\(E(M) - C) i s  2-connected 
s ince  i t  i s  the c i r c u i t  C, a co n t ra d ic t io n .
Assume t h a t  M\e has exact ly  f ive  elements.  Then, since
M\e i s  (2 ,2 ) ,  M\e = C5- Let C§ = { x ,y ,z , u ,v  }. Note t h a t ,  by
(3 .1 ) ,  e i s  in no 2 - c i r c u i t  of M. Also i f  e i s  in a c i r c u i t  C 
of M conta ining four or  f iv e  elements,  then | E(M) -  C | i s  one
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or  two. Thus M\(E(M) - C) i s  2-connected since  i t  i s  the 
c i r c u i t  C, a c o n t ra d ic t io n .  Therefore , since M i s  2-connected, 
e i s  in a t r i a n g l e  of M. We may assume, without loss  of 
g en e ra l i ty ,  t h a t  ( e , x , y  > i s  a t r i a n g l e  of M. Consider the 
c i r c u i t  C5 and the t r i a n g le  { e ,x ,y }  . Then, by c i r c u i t  
e l im ina t ion ,  there  i s  a c i r c u i t  C' contained in { e , y , z , u ,v  }. 
Clear ly ,  e i s  C1. Moreover, C' i s  a t r i a n g le  of M. Then, by
el iminat ing e from C‘ and { e ,x ,y  }, we obta in  a c i r c u i t  C"
contained in C5 and having a t  most four elements,  a
c o n t ra d ic t io n .  Hence E(M\e) conta ins  a t  l e a s t  six  elements.  v
(3 .7)  Lemma. Suppose t h a t  M/e i s  2-connected. Then M/e i s  ( 2 ,2 ) .
Proof.  Let x be an element of  E(M) - e. Then by (3 .3 ) ,  
M/e\x i s  not 2-connected. Therefore M/e i s  (1 ,2 ) .
Now l e t  x,y be d i s t i n c t  elements o f  E(M) - e.  Suppose 
t h a t  M/e\x,y i s  2-connected. Then, s ince ,  by (3 .3 ) ,  M/e\x is
not 2-connected, y i s  a coloop of  M/e\x. So, { x,y} i s  a 
2 - c o c i rc u i t  of M. Also, since M\x,y i s  not 2-connected, e i s  a 
coloop of  M\x,y. But then, s ince  e i s  not in s e r ie s  with any 
o ther  element of M, { e , x ,y }  i s  a t r i a d  of M, a con t rad ic t ion .  
Hence, fo r  a l l  elements x,y of  E(M) - e ,  the matroid M/e\x,y i s  
not 2-connected. V
(3 .8)  Theorem. Let M be a 2-connected matroid having a t  l e a s t  two
elements .  Then the  following a re  equiva lent :
(1) M\x,y i s  not 2-connected fo r  a l l  elements x ,y  of 
E(M), and M has exac t ly  one element e such t h a t  M\e 
i s  2-connected.
(2) M\e i s  (2 ,2)  having a t  l e a s t  s ix  elements and e i t h e r
( i )  M/e i s  (2 ,2 ) ;  or
( i i )  M = P((M'/p1, q ' ; e ) ,  (M"/p",q“ ; e ) ) where M'
and M" are  (2,2) each having a t  l e a s t  s ix  
elements ,  and { e , p ' , q ' )  , { e ,p " ,q "  } are
contained in s e r i e s  c la s se s  of  
r e sp e c t iv e ly .
Proof.  Assume t h a t  (1) holds.  Then, by (3.5) and (3 .6 ) ,  
M\e i s  (2,2) and has a t  l e a s t  s ix  elements.
Now suppose t h a t  M/e i s  2-connected. Then by (3 .7 ) ,  M/e 
i s  (2 ,2 ) .  Therefore ( i )  holds.
Now suppose t h a t  M/e i s  not 2-connected. Then, since
M/e has no loops, M= P ( (N ' ;e ) ,  (N";e)) where N' and N" are
2-connected matroids ,  by (1 .45) .  C lear ly ,  each of N' and N" has 
a t  l e a s t  th ree  elements.  Now i f  E(N') = { e , x , y } ,  then 
M\x,y = N", a co n t rad ic t ion  s ince  M\x,y i s  not 2-connected.
Therefore, N' has a t  l e a s t  four elements.  S im i la r ly ,  N" has a t  
l e a s t  four elements.
Let x,y be d i s t i n c t  elements of E(N') -  e.  Then, since
M\x and M\x,y are not 2-connected, N'\x and N ' \x ,y  are not
2-connected, by (1.44) ( i i )  and (1 .43) .  S im ila r ly ,  i f  x,y are 
d i s t i n c t  elements o f  E(N") - e,  then N"\x and N"\x,y are  not
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2-connected.
Now add two elements p ' , q '  in s e r i e s  with e in N' to get 
a new matroid M1. Also, add two elements p",q" in s e r ie s  with e 
in N" to get a new matroid M". C lear ly ,  M' and M" are
2-connected.
Next we ve r i fy  th a t  M' and M" are (1 ,2 ) .  Let x be an
element of E(M') - {  e , p ' , q '  >, and suppose M'\x i s
2-connected. Then, s ince M ' \x ,p ‘ and M '\x ,p 'q"  are not
2-connected, i t  follows by applying (2.5) to M'\x t h a t  
M ' \x /p ' , q '  i s  2-connected. But then, since M ' \x /p ' , q '  = N'\x 
and the l a t t e r  i s  not 2-connected, we have a co n t rad ic t io n .  
Therefore M1 i s  (1 ,2 ) .  S im ila r ly ,  M" i s  (1 ,2 ) .
In a s im i la r  fashion,  we can ver i fy  t h a t  M‘ and M" are
( 2 , 2 ).
For the converse, suppose t h a t  ( i )  holds. Then, fo r  an
element x of  E(M) - e,  the matroid M\x i s  not 2-connected since
n e i th e r  M\x,e nor M\x/e i s  2-connected. S imilar ly ,  fo r  any
d i s t i n c t  elements x,y of E(M) - e,  the matroid M\x,y i s  not
2-connected.
Now suppose t h a t  ( i i )  holds. Then, since M/e i s  not
2-connected, M\e i s  2-connected. Let x be an element of 
E(M1 / p ' , q 1) - e.  Then M\x i s  not 2-connected. For i f  M\x is  
2-connected, then M ' \ x / p ' , q '  i s  2-connected, by (1 .43) .  So, by
(2 .7 ) ,  p' or  q' i s  a coloop of M‘\ x .  But then,  since
{ e , p ' , q ' }  i s  contained in a s e r i e s  c l a s s  of M‘ , the element e 
i s  a coloop of M'\x and of M'Xx/p 'q ' ,  a con t rad ic t ion .
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S im i la r ly ,  fo r  a l l  elements x of  E(M"/p",q") -  e ,  the matroid 
M\x i s  not 2-connected.
To complete the proof t h a t  M has the  required 
p r o p e r t i e s ,  we need to  show t h a t ,  fo r  a l l  elements x,y  o f  E(M), 
the matroid M\x,y i s  not 2-connected.  Let x be an element of 
E(M' / p ' , q 1) -  e and y be an element o f  E(M"/p",q") -  e.  Then, 
s ince  M ' \ x / p ' , q '  and M"\y/p",q" a re  not 2-connected, M\x,y i s  
not 2-connected. Now l e t  x,y be elements o f  E(M' / p ' , q ' ) .  Then
M ' \ x , y / p ' , q ' i s  not 2-connected.  For i f  M ' \ x , y / p ' , q '  i s
2-connected,  then,  by (2 .7)  app l ied  to  M '\x ,y ,  e i t h e r  p'  or  q' 
i s  a coloop of  M '\x ,y .  But then,  s ince  { e , p ' , q '  } i s  contained 
in a s e r i e s  c l a s s  M', the element e i s  a coloop of  M'\x,y and of  
M ' \ x , y / p ' , q ' , a c o n t r a d i c t io n .  Thus, fo r  a l l  elements x,y of 
E(M1/ p 1, q ' )  -  e ,  the  matroid M\x,y i s  not  2-connected.
S im i la r ly ,  fo r  a l l  elements x,y of E(M"/p",q") -  e ,  the matroid 
M\x,y i s  not 2-connected. V
The matroid U [ l , k , 3 ; e ]  i s  the cycle  matroid of  the following
graph.
2
3k
FIGURE 4
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(3 .9)  Corollary .  Let M be a 2-connected matroid having a t  l e a s t  two 
elements and r  be the rank of  M. Suppose t h a t ,  fo r  
a l l  elements x,y of E(M), the matroid M\x,y i s  not 
2-connected, and t h a t  M has exact ly  one element e 
such t h a t  M\e i s  2-connected. Then M has a t  most 
^  (3r  -  1) elements.  Moreover, the upper bound i s  
a t t a in e d  i f  and only i f  M = U[1, £-^—-,3 ;e ] .
Proof. Since M\e i s  (2,2) and has a t  l e a s t  six elements,
rk(M\e) i s  a t  l e a s t  f iv e ,  by (2 .12) .  So, by (2 .15) ,  and since
rk(M\e) = rkM, | E(M) | -  1 = | E(M\e) | £  | ( rk (M \e)  - 1) =
j  ( r  -  1) .  Hence | E(M) | <_ l ( 3 r  - 1).
Now suppose | E(M) | = l ( 3 r  -  1).  I f  M/e i s
2-connected, then,  by ( 3 . 8 ) ( i ) ,  M/e i s  (2 ,2 ) .  So, since M/e has
a t  l e a s t  six  elements ,  i t  follows from (2.15) and the equa l i ty
rk(M/e) = rkM - 1 t h a t
I E(M/e) | < | ( rk (M /e )  -  1) = | ( r  - 2) . . . (1) .
Also,
I E(M/e) | = I E(M) I -  1 = |- (3r  -  1 ) - 1 = | { r  - 1).  . (2).  
So, using (1) and (2) ,  | - ( r  - 1) <_ | - ( r  -  2), a co n t rad ic t io n .  
Therefore , M/e i s  not 2-connected. Thus, by ( 3 . 8 ) ( i i ) ,
M/e = P( (M'/p1 , q ' ; e ) , (M '7p" ,q" ;e ) ) where M' and M" are  (2,2)
matroids each having a t  l e a s t  s ix  elements and { e , p ' , q '  ) ,
{ e ,p " ,q "  } are  conta ined in s e r i e s  c la s se s  of  M',M",
re spec t ive ly .  Now, by (1 .42) ,  rkM = rk (M ' /p 'q ' )  + 
rk(M,7 p " ,q " )  -  1. So,
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rkM = rkM' + rkM" -  5 ............................(3) .
Moreover,
| E(M) | = | E(M') | + | E(M") | -  5 . . . (4 ) .
Now to  show t h a t  the conclusion holds i t  i s  s u f f i c i e n t  to  prove 
t h a t  | E(M') | = | ( r k M '  -  1) and | E(M")| = |( rkM" - 1 ) ,  t h a t
i s ,  M‘ = U[l ,  -1- , 3] and M" = U[1, ^ " 2~ 1 , 3].
Suppose t h a t  | E(M') | < |-(rkM' -  1) or
| E(M") | < | ( rkM " - 1) .  Then, by (4) and (3) ,  
| r  -  j  = | E(M) | < | ( rk M '  -  1) + |(rkM" - 1) -  5 =
|-(rkM' + rkM") - 8 = |- ( r  + 5) -  8 = J-r - p  a c o n t r a d i c t io n .
Therefore I E(M') | = |-(rkM' - 1) and | E(M") | =
| ( r k M "  - 1) .  Thus, by (2 .1 5 ) ,  M1 = U[1, iM - ■".1 , 3 ] and
m L M I I  1
M" = U[1, — - - 2~- - , 3 ] .  Hence the required conclusion follows 
s ince  the p a r a l l e l  connection of  the l a s t  two matroids i s
V I 1
ULl, ■ 2 , 3 ; e ] ,  Evident ly ,  the converse also holds,  v
SECTION 2. THE CASE 2 < 1 A | < 1  E(M) | -  3
We shall  show t h a t  e i t h e r  M\e i s  ( 2 ,2 ) ,  fo r  a l l  elements e of  A, 
o r  M has a (2 ,2)  d e le t io n  minor having th re e  elements fewer than M.
The next lemma shows t h a t ,  unless  A i s  a 2 - c i r c u i t ,  A conta ins  
no 2 - c i r c u i t s  of  M.
(3.10)  Lemma. I f  ( e , f )  i s  a 2 - c i r c u i t  o f  M contained in  A, then 
A = { e , f  }.
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Proof. Suppose t h a t  g i s  an element of A - { e , f  }.
Then, since { e , f  > i s  a 2 - c i r c u i t  of  the 2-connected matroid 
M\g, the matroid M\g,e i s  2-connected, a con t rad ic t ion .  V
(3.11) Lenina. Suppose A = { e , f  } and A i s  a 2 - c i r c u i t  of  M. Then 
e i t h e r  M\e and M\f are  (2 ,2)  o r ,  fo r  some element x 
such t h a t  ( e , f , x  } i s  a t r i a d  of  M, the matroid
M \e , f ,x  i s  (2 ,2 ) .
Proof.  Since | E(M) - A | >_ 3, M\e has a t  l e a s t  four
elements.  Suppose M\e i s  not (2 ,2 ) .  Then there  are  two
d i s t i n c t  elements x,p of  E(M) - e such th a t  M\e,x,p i s
2-connected. Since M\x,p i s  not 2-connected, e i s  a coloop of
M\x,p. Now, by (3 .1 ) ,  e i s  contained in no 2 -c o c i rc u i t s  of M. 
So, { e , x , p >  i s  a t r i a d  of M. Now, by orthogonali ty  between 
the 2 - c i r c u i t  { e , f  } and the t r i a d  { e , x , p ) , we must have 
t h a t  x = f  or p = f .  Without loss  of g en e ra l i ty ,  we may assume 
t h a t  p = f .
Now we show th a t  M\e ,f ,x  i s  (2 ,2 ) .  F i r s t  note t h a t ,  
s ince ,  by (3 .1 ) ,  M\e ,f ,x  has no c i r c u i t s  with fewer than th ree  
elements ,  M\e ,f ,x  has a t  l e a s t  th ree  elements.  Also, s ince  M\e
i s  minimally 2-connected, M\e conta ins  no t r i a n g l e s .
Therefore, s ince  ( e , f  } i s  a 2 - c i r c u i t  of M, M conta ins no 
t r i a n g l e s .
Now l e t  y be an element of  E(M) - ( e , f , x )  , and 
suppose t h a t  M \e , f ,x ,y  i s  2-connected. Then, s ince  ( e , f , x l  i s  
a t r i a d  of  M, M \e , f ,x ,y  = M \e / f \x ,y .  But then,  s ince  
M \e / f \x ,y  = M \e ,y / f \x  and M\e,y i s  not 2-connected, { e , f , y }  or 
{ e , x ,y  } i s  a t r i a d  of  M, or  { x,y  } i s  a 2 - c o c i r c u i t  of M, by
(2 .7 ) .  In each case ,  M \e , f ,x  con ta in s  a coloop, a 
c o n t r a d ic t io n .  Thus, fo r  a l l  elements y of  E(M) - { e , f , x }  , 
the matroid M \e , f ,x ,y  i s  not 2-connected.
Let y , z  be d i s t i n c t  elements of  E(M) - ( e , f , x l .  
Assume t h a t  M \e , f ,x , y , z  i s  2-connected. Since M\y,z i s  not 
2-connected, ( e , f , x l  conta ins  a component of  M\y,z.  Now, 
s ince  x i s  not in  p a r a l l e l  with e i t h e r  e or  f ,  the element x i s  
a coloop of  M\y,z.  Also, s ince  M \e , f ,x  i s  2-connected, n e i th e r  
{ x,y  } nor { x , z  } i s  a 2 - c o c i r c u i t  o f  M. Therefore ,  s ince  M 
i s  2-connected, { x ,y , z  } i s  a t r i a d  o f  M. Now, s ince 
M \y \e , f , x ,z  i s  2-connected but  M\y i s  not ,  { e , f , x , z }  con ta ins  
a component of  M\y. C lea r ly ,  { e , f , x , z  } conta ins  no coloops of 
M\y. Therefore , s ince  { e , f , x  } i s  a t r i a d  and { x , z  l i s a  
2 - c o c i r c u i t  of M\y, { e , f , x , z l  i s  a component of M\y. Hence, 
s ince  ( e , f  1 i s  the  only 2 - c i r c u i t  o f  { e , f , x , z l  , the re  i s  a 
t r i a n g l e  contained in  { e , f , x , z l .  This i s  a co n t rad ic t io n  
s ince M conta ins  no t r i a n g l e s .  Thus, fo r  a l l  elements y , z  of 
E(M) -  { e , f , x  1 , the matroid M \e , f , x , y , z  i s  not 2-connected.
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(3.12) Lemma. Suppose A conta ins  no 2 - c i r c u i t s  of  M, and l e t
{ p , q , r  } be a t r i a d  of  M. I f  M\p,q ,r  i s  2-connected 
then { p , q , r }  5  A.
Proof.  Since { p , q , r  } i s  a t r i a d ,  M\p,q,r  = M\p/q\r.  I f
M\p i s  not 2-connected, then, by (2.7) applied to  M\p, e i t h e r  q
or r  i s  a coloop of M\p. Therefore e i t h e r  { p,q } or { p , r  }
i s  a 2 - c o c i r c u i t  of M, a co n t ra d ic t io n .  Thus M\p i s  
2-connected, t h a t  i s ,  p i s  an element of A. S im ila r ly ,  q and r 
are  elements o f  A. v
(3.13) Letrena. Suppose A contains  no 2 - c i r c u i t s  of  M, and l e t
{ e , f , g  } be a t r i a d  of  M. I f  M\e ,f ,g  i s  2-connected,
then i t  i s  ( 2 , 2 ).
Proof.  By the l a s t  lemma, { e , f , g  } i s  contained in A.
Also, s ince | A | <_ | E(M) | -  3, M\e ,f ,g  has a t  l e a s t  th ree  
elements.  Now l e t  p be an element of  E(M) - { e , f , g } .  I f
M \e , f ,g ,p  i s  2-connected, then,  since  M \e , f ,g ,p  = M \e ,p /f \g  i s  
2 -connected and M\e,p i s  not 2 -connected, e i t h e r  f  or g i s  a 
coloop of  M\e,p, by (2.7) applied to M\e,p. Therefore, s ince ,  
by (3 .1 ) ,  n e i th e r  e nor f  i s  in a 2 -c o c i rcu i t  of M, e i t h e r  
{ e , f , p  } or { e ,g ,p  ) i s  a t r i a d  of M. But then M\e,f ,g  
contains  a coloop, a con t rad ic t ion  s ince  M\e,f ,g  i s  2-connected 
and has more than two elements.  We conclude t h a t  fo r  a l l  p in 
E(M) - { e , f , g  }, the matroid M \e ,f ,g \p  i s  not 2-connected.
Let p,q be d i s t i n c t  elements of  E(M) - { e , f , g  }. 
Suppose t h a t  M \e , f ,g ,p ,q  i s  2-connected. Then, s ince  M \e , f ,g ,p  
i s  not 2-connected, q i s  in  a c o c i r c u i t  of M contained  in
{ e , f , g , p , q  }. Moreover, as M \e , f ,g  i s  2-connected, every such 
c o c i r c u i t  con ta in ing  q also  con ta ins  p.
Now suppose t h a t  { p , q }  i s  a 2 - c o c i r c u i t  o f  M. Then, 
s ince  M \e , f ,g ,p ,q  = M \p ,q \e / f \g  and M\p,q i s  not 2-connected, 
a t  l e a s t  one of { f , e , p  } ,  { f , e , q )  , { g , e ,p  } and { g , e ,q  }
i s  a t r i a d  of M. But then M \e , f ,g  conta ins  a coloop,  a
c o n t r a d i c t io n .  Thus { p,q } i s  not a 2 - c o c i r c u i t  o f  M.
Next we show t h a t  { e , f , g , p , q  } conta ins  a 4 - c o c i r c u i t
of  M conta in ing  p and q. Suppose t h a t  the only c o c i r c u i t s  of  M
conta in ing  { p,q } and contained  in { e , f , g , p , q  } are t r i a d s .  
Without loss  of  g e n e r a l i t y ,  we may assume t h a t  { e , p ,q  } i s  a 
t r i a d  of  M. Then, s ince  M \e , f ,g ,p  = M /e \ f ,g ,p ,  the element q
i s  a coloop of  M /e \ f ,g ,p .  So, e i t h e r  { f , p , q  ) or { g , p , q )  i s
a t r i a d  of  M. Therefore, by c i r c u i t  e l im in a t io n ,  e i t h e r
{ e , f , q >  or  { e , g ,q  } i s  a t r i a d  of  M. This i s  a
c o n t ra d ic t io n  to  the f a c t  t h a t  every c o c i r c u i t  contained in
{ e»f»9>P»q > and meeting { p,q } con ta in s  ( p,q ). Hence
{ e , f , g , p , q  I c o n ta in s  a 4 - c o c i r c u i t  conta in ing  { p ,q  ).
Assume t h a t  { e , f , p , q )  i s  a 4 - c o c i r c u i t .  Then, since
M \ e , p  i s  not 2-connected and has no coloops,  i t  has a t  l e a s t
two components and every component has a t  l e a s t  two elements.
Let K be the component of M\e,p con ta in ing  f .  Then, since
{ f ,g ,q  ) i s  a s e r i e s  c l a s s  o f  M\e,p, the se t  { f , g , q  ) i s
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contained in K. Moreover, s ince  M \e ,p \ f ,g ,q  i s  2-connected,
{ f>9sq ) = K. Now, s ince M has no 2 - c i r c u i t s ,  { f , g , q >  i s  a 
t r i a n g l e  of  M. S im i la r ly ,  by considering  M\e,q, the se t
f f>9>P ) i s  a t r i a n g l e  of M. Then, by c i r c u i t  e l im in a t io n ,  
{ f , p , q  } i s  a t r i a n g l e  of M. But then we have a
c o n t r a d i c t io n ,  s ince  the t r i a d  { e , f , g  } and the t r i a n g l e
{ f , p , q  } have exac t ly  one element in common. Hence, f o r  a l l  
elements p,q  of  E(M) - { e , f , g } ,  the matroid M \e , f ,g ,p ,q  i s  
not 2-connected. V
(3.14) Theorem. Suppose t h a t  A con ta ins  no 2 - c i r c u i t s  o f  M. Then
e i t h e r
( i )  M\e i s  (2 ,2)  f o r  a l l  elements e of  A; or
( i i )  M \e , f ,g  i s  (2 ,2)  where ( e , f , g  } i s  a t r i a d  o f  M
conta ined  in A.
Proof.  Suppose t h a t ,  fo r  some element e of  A, the matroid 
M\e i s  not (2 ,2 ) .  Then the re  e x i s t  f , g  elements of  E(M) - e 
such t h a t  M \e , f ,g  i s  2-connected.  Then, s ince  M\f,g i s  not 
2-connected and e i s  in no 2 - c o c i r c u i t s  of M, the se t  { e , f , g  }
i s  a t r i a d  of M. Then, by (3 .1 2 ) ,  { e , f , g  } i s  contained in A
and, by (3 .13 ) ,  M \e , f ,g  i s  ( 2 ,2 ) .  V
Combining (3.11) and (3 .1 4 ) ,  we obta in
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(3.15) Theorem. Suppose 2 <_ | A| £  | E(M) | -  3. then e i th e r
( i )  M\e i s  (2,2) fo r  a l l  elements e o f A; or
( i i )  M\T* i s  (2 ,2) where T* i s  a t r i a d  of M and
I T* n A | > 2.
(3.16) Corollary. Suppose 2 <_ | A| <_ |E(M)| -  3 and rkM = r .  I f
r  £  4, then | E(M) | £  | - r .
Proof . I f  |E(M) | = 5, then ,  f o r  some element e of  M,
the  matroid M\e i s  (2 ,2)  and has four  elements .  So, by (2.13)
M\e = C4 and, t h e r e f o r e ,  rk(M\e) = 3. But then ,  s ince 
rk(M\e) = rkM, the rank o f  M i s  3. Thus we may assume t h a t
| E(M) | >_ 6. Suppose, in a d d i t io n ,  t h a t  | E(M) | <_ 8. Then
i t  i s  not d i f f i c u l t  to  check t h a t  M con ta ins  no t r i a d  T* such 
t h a t  M\T* i s  ( 2 ,2 ) .  Also, fo r  some element e of M, M\e is
(2 ,2 ) ,  and using (2.12)  and (2 .15 ) ,  we ge t  t h a t  | E(M) I £  j r .
. Now assume t h a t  | E(M) | £  9. Then i f  T* i s  a t r i a d  of
M and M\T* i s  ( 2 ,2 ) ,  then |E(M\T*) I 6. So> by (2 .15) ,
I E (M \T*) I £ § ( r k ( M \ T * )  -  1 ) .  Thus, s ince
rk(M\T*) = rkM - 1, I E(M\T*) I £  | ( r  -  2) .  Therefore ,
! E(M) 1 _£ j { r  -  2) + 3 = j r .  On the o the r  hand, i f ,  fo r  
some element e o f  E(M), the  matroid M\e i s  ( 2 ,2 ) ,  then 
I E(M\e) | > 8. So, by (2 .1 5 ) ,  | E(M\e) I <_ | ( r k ( M \ e )  -  1).
Thus, s ince  rk(M\e) = rkM, we have t h a t  I E(M\e) I f .
|  ( r  -  1 ) .  Therefore ,  | E(M) | < | ( r - l ) + l = | r - ^ .  V
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SECTION 3. THE CASE A = E(M)
F i r s t  we show t h a t  M i s  3-connected and thus ,  M i s  ( 2 ,3 ) .  Then
we show t h a t  every p a i r  of  elements of  M i s  contained in a t r i a d .
This shows t h a t  the duals  of  S y lv es te r  matroids are exac t ly  those
matroids t h a t  a re  (2 ,3 ) .
(3.17) Theorem. Let M be a 2-connected matroid having a t  l e a s t  two 
elements. I f ,  fo r  a l l  elements e , f  of E(M), the
matroid M\e i s  2-connected and M\e,f i s  not
2-connected, then M i s  3-connected.
Proof. Evidently  M has a t  l e a s t  four  elements .  Moreover, 
M conta ins  no 2 - c o c i r c u i t s  or 2 - c i r c u i t s .  Now suppose M i s  not 
2-connected. Then the re  i s  a 2 -separa t ion  { X,Y > o f  M such
t h a t  | X | , | Y | >_ 2. So, by (1 .46) ,  M = M' A M" =
S((M' ;p ) , (M " ;p ) /p  where p i s  not an element of  X U Y and M' and 
M" are  isomorphic to  2-connected minors of  M. Furthermore,
E(M') -  p = X and E(M") -  p = Y.
Let e be an element of  X. Then, s ince
M\e = S((M‘ \ e ; p ) , (M";p))/p and M\e i s  2-connected, Ml \e  i s
2-connected. S im i la r ly ,  f o r  an element f  of Y, the matroid
M"\f i s  2-connected. Therefore ,  by (1 .38 ) ,  
S ( ( M ' \ e ; p ) , (M " \ f ;p ) ) i s  2-connected. Thus, s ince  
S ( ( M ' \ e ;p ) , ( M " \ f ;p ) ) \p  i s  not  2-connected,  S ( (M ' \e ;p ) ,  
(M " \ f ;p ) ) /p  i s  2-connected. But then we have a c o n t r a d ic t io n
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s ince  the l a s t  matroid i s  M\e ,f  which i s  not 2-connected. 
Hence M has no 2 - se p a ra t io n s ,  t h a t  i s ,  M i s  3-connected. V
(3 .8 )  Lemma. Let C be a c i r c u i t  o f  M and g be an element o f  E(M)
not  con ta ined  in  C. Then th e r e  i s  a t r i a d  { g ,p ,q  ) 
o f  M such t h a t  ( p ,q >  c_ C.
Proof.  Since C i s  a c i r c u i t  o f  the  2-connected matroid 
M\g and, fo r  a l l  elements h of C, the matroid M\g,h i s  not
2-connected, C con ta in s  a 2 - c o c i r c u i t  { p ,q  } o f  M\g, by
(2 .1 7 ) .  Hence, s ince  M conta ins  no 2 - c o c i r c u i t s ,  { g ,p ,q }  i s  
a t r i a d  of M. V
(3 .9 )  Theorem. Let e , f  be d i s t i n c t  elements o f  M. Then { e , f  } i s
con ta ined  in  a t r i a d  o f  M.
Proof .  Suppose { e , f  } i s  contained in no t r a i d s  of  M.
Then, s ince  M\e,f i s  not  2-connected and has no coloops,  we can 
f ind  two components K,K' of  M\e ,f  such t h a t  each has a t  l e a s t
two elements.  Let g be an element of  K and C be a c i r c u i t
conta ined in K‘ , Then, by ( 3 .8 ) ,  M has a t r i a d  { g ,p ,q  } with 
( p,q  } j=_  C. Therefore ,  ( g , p , q }  con ta in s  a c o c i r c u i t  of  
M\e ,f  con ta in ing  g and having a t  l e a s t  two elements .  But then 
we have a c o n t r a d i c t io n  to  (1.15)  s ince  t h i s  c o c i r c u i t  meets 
the d i s t i n c t  components K and K ' .  Hence ( e , f  ) i s  contained 
in  a t r i a d  of M. V
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Murty [15] inves t iga ted  the matroids M th a t  have the property 
t h a t  every p a i r  of elements of M i s  contained in  a t r i a n g l e .  He
c a l led  these Sy lves ter  matroids.  Theorem 3.15 shows t h a t  the dual of 
a Sy lves te r  matroid,  and th e re fo re ,  a Sy lves ter  matroid,  i s
3-connected. Thus combining (3.17) and (3 .19) ,  we have the following 
c h a ra c te r iz a t io n  of ( 2 ,3 ) -matroids.
(3.20) Theorem. The following are equivalent fo r a matroid M having 
a t  l e a s t  four elements.
(1) M is  3-connected and for a ll  elements e , f ,  the 
matroid M\e,f i s  not 2-connected.
(2) Every pa ir  of elements of M is  in a t r ia d .
(3) M i s  the dual of a Sylvester matroid.
CHAPTER 4
(2 ,3 )-MATROIDS RELATIVE TO A CIRCUIT
The main r e s u l t  of t h i s  chapter  s t a t e s  th a t  i f  M i s  a matroid
o ther  than a wheel of rank g rea te r  than th re e ,  and M i s  (2,3) r e l a t i v e
to  a c i r c u i t  C, then every pa i r  of elements of C i s  in a t r i a d  of M.
The proof of t h i s  r e s u l t  i s  r a th e r  long, and so, we divide the chapter
in to  three  sec t ions .
The f i r s t  sec t ion  gives some r e s u l t s  about the ex is tence  of 
c e r t a in  t r i a n g le s  and t r i a d s  in matroids t h a t  are  (1,3) or  (2,3) 
r e l a t i v e  to a c i r c u i t  C. In the second sec t ion ,  we prove the
following weaker version of  the main theorem: I f  M i s  (2,3) r e l a t i v e
to  a c i r c u i t  C, then every element of C i s  in a t r i a d  of M. F ina l ly ,
in  the t h i rd  sec t ion ,  we give a proof of the main theorem.
SECTION 1. PRELIMINARY LEMMAS
The following lemma i s  of fundamental importance in the proof 
of  the wheels and whir ls  theorem, see Tutte [24].
(4.1) Lemma. Let M be a 3-connected matroid having a t  le a s t  four 
elements, and l e t  (e ,f ,g>  be a t r ia n g le  of M. I f  M\e 
and M\f are not 3-connected, then e i s  in a t r ia d  of M 
with exactly one of f  and g.
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Oxley [19] proved t h a t  i f  M i s  a ( 1 ,3 ) -matroid having a t  l e a s t  
four elements,  then every c i r c u i t  C i n t e r s e c t s  a t  l e a s t  two t r i a d s  of
M. In [20],  he asked i f  the corresponding r e s u l t  holds for
( 1 ,3 ) -matroids r e l a t i v e  to  a c i r c u i t  C. Lemos [10] gave the following
af f i rm a t ive  answer.
(4 .2)  Lemma. Let M be a matroid having a t  l e a s t  four  elements.  I f  M
i s  (1,3) r e l a t i v e  to  a c i r c u i t  C, then C i n t e r s e c t s  a t
l e a s t  two t r i a d s  of  M.
Oxley [19] proved the dual of  the following r e s u l t .
(4 .3)  Lemma. Let M be an n-connected matroid having a t  l e a s t  2(n -  1)
elements.  Suppose t h a t  A i s  a subset  of  E(M) having 
fewer than n elements.  I f  M/A i s  n-connected, then,  fo r  
every subse t  A' o f  A, the matroid M/A' i s  n-connected.
The following i s  a s trengthening of t h i s  r e s u l t .
(4 .4) Lemma. Let M be an n-connected matroid having a t  l e a s t  2(n -  1)
elements.  Suppose t h a t  A i s  an independent subset of 
E(M). I f  M/A i s  n-connected, then,  fo r  every subset  A' 
of  A, the matroid M/A' i s  n-connected.
Proof.  Suppose t h a t  M/A' i s  not n-connected fo r  some 
subset A' of A, and assume t h a t  | A' | i s  maximal with respect
69
to  t h i s  proper ty.  Then, fo r  an element e of  A - A ' ,  the matroid 
M/A'/e i s  n-connected. So, by (1.31) applied to  M/A', the 
element e i s  a loop of M/A' or  M/A' has a c o c i r c u i t  containing e 
and having fewer than n elements.  Now i f  e i s  a loop of M/A', 
then,  since M has no loops, e i s  in a c i r c u i t  of M contained in 
A1 U e. This i s  a con t rad ic t ion  s ince A' U e i s  independent.  
On the o ther  hand, i f  e i s  in a c o c i r c u i t  C* of M/A' having less
than n elements,  then C* i s  a c o c i r c u i t  of M having le ss  than n
elements.  This i s  a con trad ic t ion  s ince  an n-connected matroid 
has no c o c i r c u i t s  o f  c a r d i n a l i t y  less  than n, by (1 .23) .  Hence, 
f o r  every subset A' of A, the matroid M/A' i s  n-connected. V
The next lemma i s  used f requent ly  in the proof of  the main 
theorem.
(4 .5)  Lemma. Let C be a c i r c u i t  o f  a 3-connected matroid M. Suppose 
t h a t  e , f , p  a re  elements of  C such t h a t  p i s  in  t r i a d s  of  
M with every element o f  C -  { e , f  ) .  I f  M\e,f i s  not 
2-connected, then { e , f } i s  contained  in  a t r i a d  of  M.
Proof.  Since M\e,f i s  not 2-connected, i t  has a
1-separa t ion  {X,Y) such t h a t  rkX + rkY = rk(M \e ,f ) .  Without 
loss  of g en e ra l i ty ,  we may assume t h a t  p i s  in X. Now l e t  T* be 
a t r i a d  of M conta in ing  p. I f  the s e t  T* - { e , f  } conta ins  a
coloop of M\e,f ,  then,  s ince  M i s  3-connected, { e , f  } is
contained in a t r i a d  of M. So we may assume t h a t ,  fo r  every
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t r i a d  T* of M conta ining p, the s e t  T* - { e , f  } contains no
coloops of M\e,f.  Thus, fo r  every such t r i a d  T*, the se t  
T* - { e , f  } i s  e i t h e r  a t r i a d  of M\e,f ,  or i s  contained in a 
s e r i e s  c la s s  of t h i s  matroid.  So, since every element of
C - { e , f  } is  contained in a t r i a d  of M containing p, every 
element of C - { e , f  } i s  contained in  X. Thus rk(X U { e , f  > ) 
£  rkX + 1. Therefore , rk(X U { e , f }  ) + rkY £rkX + 1 + rkY = 
rk(M\e,f )  + 1. Since rk(M\e ,f )  = rkM, i t  follows t h a t
r k {X U { e , f } ) + rkY £rkM + 1. Thus, since  M i s  3-connected,
| Y | = 1 ;  t h a t  i s ,  Y c o n s i s t s  of a coloop of M\e,f.  Hence 
{ e , f } i s  contained in a t r i a d  of M. V
(4.6) Lemma. Let M be a 3-connected matroid and { e , f )  be a subset
of E(M). Let A be an independent subset of M contained 
in E(M) - { e , f } . I f  M\e,f i s  not 2-connected and 
M\e,f/A i s  2-connected, then there  i s  an element p of A 
such th a t  { e , f , p  } i s  a t r i a d  of M.
Proof. By (2 .7)  applied to  M\e,f with A1 = <t>, the se t  A 
conta ins  a coloop p of  M\e ,f .  Since M i s  3-connected, M
contains  no c o c i r c u i t s  having le s s  than three  elements,  by
(1 .23) .  Hence { e , f , p )  i s  a t r i a d  of  M. V
The next lemma gives  a lower bound on the number of  elements of 
a (2 ,3)-matroid  r e l a t i v e  to  a se t  ( e , f  } in the case when { e , f  } i s  
contained in no t r i a d s  of M.
(4 .7 )  Lemma. Let M be a 3-connected and { e , f  } be a subse t  of  E(M).
I f  ( e , f  } i s  contained in  no t r i a d s  o f  M and M\e,f  i s  
not  2-connected, then M has a t  l e a s t  e ig h t  elements.
Proof.  Since M\e,f  i s  not 2-connected and has no coloops, 
we can f ind  two components of M\e,f  each having a t  l e a s t  two 
elements.  But,  s ince  M has no 2 - c i r c u i t s ,  each of these  
components has a t  l e a s t  th ree  elements .  Hence M has a t  l e a s t  
e ig h t  elements.  V
For the r e s t  of  t h i s  s e c t io n ,  we assume t h a t  M i s  (2 ,3)  r e l a t i v e  
to  a c i r c u i t  C.
(4 .8 )  Lemma. Let e , f  be d i s t i n c t  elements o f  C. I f  ( e , f  } i s  
contained in  no t r i a d s  o f  M, then E(M) -  C con ta in s  a t  
l e a s t  fou r  elements .
Proof.  I f  E(M) - C = { x }, then,  s ince  i t  i s  a
cohyperplane,  corkM = 2. Therefore ,  s ince  M con ta in s  no 
2 - c o c i r c u i t s ,  { e , f , x  } i s  a t r i a d .  Thus | E(M) - C| >_ 2. Now 
i f  E(M) - C = ( x ,y  } ,  then corkM = 3. Therefore ,  s ince  ( e , f  ) 
i s  conta ined  in no t r i a d s  of  M, the  s e t  { e , f , x , y }  i s  a 
c o c i r c u i t  o f  M. So { x ,y )  i s  a 2 - c o c i r c u i t  o f  M \e , f ,  and
consequently ,  of  M\e ,f /(C - ( e , f > ) .  Thus the  matroid 
M\e ,f /(C - ( e , f  }) i s  2-connected. Therefore ,  by (4 .6)  appl ied  
to  M\e,f and the independent s e t  C -  ( e , f  } , the re  i s  an
72
element p of C - { e , f }  such t h a t  { e , f , p  } i s  a t r i a d  of M, a 
con t rad ic t ion .
Now suppose E(M) - C = { x ,y ,z  }. Then corkM is  three
or four .  For i f  corkM = 2, then,  fo r  any element p of
E(M) - { e , f  }, the se t  { e , f , p  } i s  a t r i a d  of M, a
c on t rad ic t ion .  Thus cork(M\e,f) i s  one or two. Therefore,
{ x ,y ,z  } i s  contained in a s e r i e s  c la s s  of M\e,f or { x ,y ,z  } 
i s  a t r i a d  of M\e ,f .  In both cases ,  M\e,f/(C - { e , f } )  i s  
2-connected. Therefore , by (4 .6 ) ,  there  i s  an element p of
C - { e , f  } such t h a t  { e , f , p  } i s  a t r i a d  of  M, a
co n t rad ic t io n .  Hence E(M) - C contains  a t  l e a s t  four elements.  V
(4.9) Lemma. Let A be a proper (possibly empty) subset of C such th a t
M/A i s  3-connected. Suppose th a t  E(M) - C contains a t
le a s t  four elements. I f ,  fo r  some element g of C - A, 
the matroid M/A\g has no non-minimal 2-separations, then 
g i s  in t r ia d s  of M with every element of C - A.
Proof. F i r s t  suppose t h a t  M/A\g i s  3-connected, and l e t  h 
be an element of C - A. Then, s ince  E(M/A\g) contains a t  l e a s t  
four  elements,  M/A\g,h i s  2-connected. Therefore, s ince  M\g,h 
i s  not 2-connected, there  i s  an element p of  A such th a t  
{ g ,h ,p  } i s  a t r i a d  of M, by (4 .6 ) .
Now suppose t h a t  M/A\g has a 2 -separat ion .  Let 
T * ,  T *  T * be the t r i a d s  of  M/A containing g. Since M/A
J. & K
i s  3-connected and A i s  a proper subset of C, the se t  C - A
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con ta in s  a t  l e a s t  th ree  elements .  Thus, s ince  E(M) -  C
conta ins  a t  l e a s t  four  elements,  E(M/A) conta ins  a t  l e a s t  seven 
elements.  Therefore ,  fo r  any subset  { i , j  } of
( 1 , 2 ................ k } ,  Ti* D l j *  = { g )  , by the  dual of (1 .25) .
Moreover, by o r th o g o n a l i ty ,  Tj* fl (C - A) conta ins  a t  l e a s t  two
elements fo r  a l l  i in ( 1 , 2 ,  . . . ,  k )  . Now choose ex ac t ly  one 
element from each of  the s e t s
(Tj* - g) fl C, . . . ,  (T^* - g) fl C, and l e t  D be the s e t  of 
these  elements.  Then, by (1 .2 7 ) ,  M/A\g/D i s  3-connected.  Now 
i f  h i s  an element of  C - A which i s  not in  a t r i a d  of  M/A with 
g, then,  s ince  E(M/A\g/D) con ta ins  a t  l e a s t  four  elements ,
M/A\g/D\h i s  2-connected. Therefore ,  s ince M\g,h i s  not
2-connected and A U D i s  independent there  i s  an element p of
A U D such t h a t  p i s  a coloop of  M, by (2 .7 ) .  Therefore ,
s ince  M i s  3-connected, { g ,h ,p  } i s  a t r i a d  of M. V
(4.10) Lemma. Suppose E(M) - C has a t  l e a s t  four elements. Let p ,q , r  
be elements of C. Then there  i s  no element z of
E(M) -  C such th a t  { p ,q ,z  } i s  a t r ia n g le  and
{ p , r , z  ) i s  a t r ia d  of M.
Proof. Suppose t h a t  z i s  an element o f  E(M) - C such t h a t  
{ p ,q ,z  ) i s  a t r i a n g l e  and { p , r , z  } i s  a t r i a d  of  M. Then,
since M\r i s  2-connected and M\r,q i s  not 2-connected,  M\r/q i s
2-connected. Now M\r/q\p has a t  l e a s t  four  elements,  and has z
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as a coloop. Therefore M\r/q/p i s  2-connected, by (1 .26) .  
This i s  a con t rad ic t ion  since z i s  a loop of M\r/q/p. V
The next r e s u l t  s trengthens  the preceeding lemma.
(4.11) Lemma. Suppose E(M) -  C has a t  l e a s t  four  elements.  Let p,q 
be elements of  C. Then the re  i s  no element z of
E(M) -  C such t h a t  { p ,q ,z  } i s  a t r i a n g le  of  M.
Proof.  Suppose t h a t ,  fo r  some element z of E(M) - C, the 
s e t  { p ,q ,z  } i s  a t r i a n g l e  of  M. By c i r c u i t  e l iminat ion ,
there  i s  a c i r c u i t  C' of M t h a t  contains z and i s  contained in 
{ q ,z  } U (C-p). Now, since M/z i s  2-connected having { p,q } 
as a c i r c u i t ,  M/z\p i s  2-connected. Also C' -  z i s  a c i r c u i t  
of M/z\p. Now i f ,  fo r  every element r  o f  C  ■ { z , q } ,  the 
matroid M/z\p ,r  i s  not 2-connected, then, by (2 .17) ,  
C' -  { z ,q  } conta ins  a 2 - c o c i r c u i t  o f  M/z\p. But then, s ince  
M i s  3-connected, p i s  in a t r i a d  of M which i s  contained in 
C - { q , z } .  This i s  a c o n t rad ic t ion  since t h i s  t r i a d  meets
the c i r c u i t  { p , q , z }  in a s ingle  element.  Hence we may assume 
t h a t ,  fo r  some element r  of  C1 - ( q , z  >, the matroid M/z\p,r  
i s  2-connected. But then,  since M\p,r i s  not 2-connected,
{ p , r , z  } i s  a t r i a d  of M, by (4 .6 ) .  This c o n t rad ic ts  the l a s t  
lemma. V
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(4 .12)  Lemma. Suppose C has a t  l e a s t  four  elements and E(M) has a t  
l e a s t  seven elements .  Let p ,q  be elements o f  C and x 
be an element o f  E(M) such t h a t  { p , q , x )  i s  a t r i a d  of  
M. Suppose t h a t  M/p has a 2 - sep a ra t io n .  I f  M/p has 
only minimal 2 - s e p a ra t io n s ,  then the  following
sta tements  hold.
( i )  p i s  in  a unique t r i a n g l e  { p , x , y }  where y i s  an 
element o f  E(M) -  C. Moreover, x i s  no t  an 
element o f  C.
( i i ) { p ,q ,x  } i s  the  unique t r i a d  of  M con ta in ing  x.
( i i i )  M/q i s  not  3-connected.
Proof.  ( i )  Suppose t h a t  T i s  a t r i a n g l e  of M conta in ing  
p. Then, s ince  C has a t  l e a s t  four  elements,  T con ta in s  an 
element y of E(M) -  C. Also, T con ta ins  an element of  the 
t r i a d  ( p , q , x  } o th e r  than p. I f  q i s  in  T, then { p ,q ,y  } i s  
a t r i a n g l e  of M. This i s  a c o n t r a d ic t io n  to (4 .1 1 ) .  Therefore 
x i s  in  T. Now, by (4 .11) ,  x i s  not an element o f  C. Thus
every t r i a n g l e  of M t h a t  con ta ins  p a lso  conta ins  x. Now, 
s ince  M/p has only minimal 2 -sep a ra t io n s  and E(M) con ta in s  a t  
l e a s t  seven e lements ,  { p , x , y }  i s  the unique t r i a n g l e
conta in ing  p, by (1 .25 ) .
( i i )  Suppose T* i s  a t r i a d  of M conta in ing  x and d i s t i n c t
from { p , q , x > .  Then, s ince x i s  the t r i a n g l e  { p ,x ,y }  , the 
t r i a d  T* conta ins  x and a t  l e a s t  one of  p and y .  But,  s ince  M
i s  a 3-connected matroid having a t  l e a s t  seven e lements ,  T*
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contains  exact ly  one of p and y ,  by (1 .24) .  Now i f
T* = ( x , p , z  } where z i s  in E(M) - { q ,y}  , then,  by c i r c u i t  
e l im ina t ion ,  { p ,q ,z  } i s  a t r i a d  of M. This i s  a 
con trad ic t ion  s ince t h i s  se t  has exac t ly  one element in common 
with the t r i a n g le  { p ,x ,y}  . On the o ther  hand, i f
T* = { x , y , z } ,  then ( y , z >  i s  a 2 -co c i rcu i t  of the
3-connected matroid M/p\x, a co n t rad ic t io n .
( i i i )  Suppose M/q i s  3-connected. Then { p ,x ,y  } i s  a
t r i a n g le  and C - q i s  a c i r c u i t  of M/q. Thus, by c i r c u i t
e l im ina t ion ,  the re  i s  a c i r c u i t  C' of  M/q t h a t  contains  x and 
i s  contained in { x,y  } U (C - { p,q }). Now consider  the 
c i r c u i t  C' -  x of  the 2-connected matroid M/q/x\p. I f ,  fo r  
every element r  of  C' -  { x , y } ,  the matroid M/q/x\p,r  i s  not 
2-connected, then,  by (2 .17) ,  C‘ - ( x ,y  } conta ins  a
2 -c o c i rc u i t  of M/q/x\p. But then,  since M/q i s  3-connected, p 
i s  in a t r i a d  of  M/q contained in  E(M) - { x , y } .  This
c o n t ra d ic t s  o r thogonali ty  with the t r i a n g le  { p ,x ,y  }. So we 
may assume t h a t ,  fo r  some element r  of  C' -  { x,y }, the
matroid M/q /x\p ,r  i s  2-connected. But then, since M\p,r is
not 2-connected and { q,x } i s  independent,  e i th e r  { p , q , r  } 
or  { p , r , x  } i s  a t r i a d  of M, by (4 .6 ) .  But { p , q , r }  cannot 
be a t r i a d  of M because of  o r thogona l i ty  with t r i a n g le  
{ P»x, y)  . Also, {p ,r ,x}  cannot be a t r i a d  of M because of 
uniqueness of  the t r i a d  { p , q , x } containing x. Hence M/q i s  
not 3-connected. V
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(4.13) Lemma. Suppose E(M) - C has a t  l e a s t  four elements. Let e , f ,p  
be elements of C and x,y be elements of E(M) - C. If  
{ p ,x ,y  } i s  a t r ia n g le  and { e , f ,x ,y  } i s  a co c ircu it  
of M, then e i th e r  {e ,p ,x  } and { f ,p ,y  } are t r ia d s  of 
M or { e ,p ,y  } and { f , p ,x l  are t r ia d s  of M.
Proof. Since M\e/p i s  2-connected and M\e/p/x has y as a 
loop, M\e/p\x i s  2-connected. Also, since M\e/p\x,y has a t  
l e a s t  th ree  elements and has f  as a coloop, M\e/p\x/y i s  
2-connected. Since { p ,x ,y  } i s  a t r i a n g le  of M\e, we have 
M\e/p\x/y = M\e,p/x ,y ,  by (1 .30) .  Now, since M\e,p i s  not
2-connected and { x,y } i s  independent,  e i t h e r  { e ,p ,x  } or 
{ e ,p ,y  } i s  a t r i a d  of M, by (4 .6 ) .  I f  { e , p ,x  } and
{ e ,p ,y  } are t r i a d s  of M, then,  by c i r c u i t  e l iminat ion
{ p ,x ,y  } i s  a t r i a d  of M. This i s  a con trad ic t ion  to  (1 .24) .
Without loss  of g e n e ra l i ty ,  we may assume th a t  { e ,p ,x  } i s  a
t r i a d  of M.
Now by replacing e by f  in the above argument, we 
s im i la r ly  obta in  t h a t  exact ly  one of  { f , p , x  l a n d  { f , p , y l  i s  
a t r i a d  of M. I f  { f ,p , x  } i s  a t r i a d  of M, then, by c i r c u i t  
e l iminat ion  applied to  the t r i a d s  { e , p ,x  } and { f , p , x l ,  we 
get t h a t  { e , f , p  } i s  a t r i a d  of M. This i s  a con trad ic t ion  
since the t r i a n g le  { p,x ,y  } has exact ly  one element in common 
with { e , f , p  }. Therefore { f , p , y  l i s a  t r i a d  of M. V
SECTION 2. A WEAKER VERSION OF THE MAIN THEOREM
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In t h i s  sect ion we show th a t  i f  M i s  a (2 ,3)-matroid r e l a t iv e  
to  a c i r c u i t  C, then every element of  C i s  in a t r i a d  of  M. To prove 
t h i s ,  we assume t h a t  e i s  an element of C which i s  in no t r i a d s  of  M
and we u t i l i z e  induct ion on | C | . In the f i r s t  p a r t  of the proof,
Lemma 4.14.1 through Lemma 4 .14 .6 ,  we show th a t  M/e i s  3-connected.
We also show t h a t ,  fo r  any element g of  C - e,  the matroid M/g i s
3-connected and g i s  in a t r i a d  of M which i s  contained in C.
D ef in i t ion :  Let C be a c i r c u i t  of  a matroid M and x be an element
of  E(M) - C. Then x i s  a chord of C i f  
rk(C U x) = rkC.
(4.14) Theorem. Let M be a ( 2 ,3 ) -matroid r e l a t i v e  to  a c i r c u i t  C. 
Then every element o f  C i s  in a t r i a d  o f  M.
Proof.  We argue by induct ion on I C I . I f  I C I = 3, the 
conclusion follows from (4 .1 ) ,  so suppose | C | >_4. Assume 
t h a t  C has an element e which i s  in no t r i a d s  of M. Since, for  
any element f  o f  C - e ,  the se t  { e , f  } i s  contained in no
t r i a d s  of M, E(M) has a t  l e a s t  e igh t  elements,  by (4 .7 ) .  Also,
by (4 .8 ) ,  E(M) - C has a t  l e a s t  four elements.
(4 .14 .1 )  Lemma. C has no chords.
79
Proof. Suppose t h a t  x i s  a chord of  C. Then, fo r  some
subset  F o f  C, the s e t  F U x i s  a c i r c u i t  of  M. By c i r c u i t
e l im in a t io n ,  we may assume t h a t  e i s  not in F U x. Now F U x 
i s  a c i r c u i t  of  the 2-connected matroid M\e. Moreover, fo r  
a l l  elements f  of F, the matroid M\e,f i s  not 2-connected. 
Therefore, by (2 .17 ) ,  F con ta ins  a 2 - c o c i r c u i t  of M\e. Since 
M i s  3-connected ,  i t  has no 2 - c o c i r c u i t s .  Therefore, e i s  in 
a t r i a d  of  M, a c o n t r a d i c t io n .  /
(4 .14 .2 )  Lemma. Let A be a (poss ib ly  empty) subse t  of  C such t h a t
C -  A has a t  l e a s t  four  elements .  I f ,  f o r  an element
p o f  C -  A, the  s e t  { p ,x ,y  } i s  a t r i a n g l e  o f  M/A,
then ( x ,y  } i s  not  conta ined  in  C -  A. Moreover,
{ x ,y  > U (C -  A -  p) i s  a c i r c u i t  o f  M/A.
Proof.  Since the c i r c u i t  C - A of  M/A has a t  l e a s t  four  
elements ,  a t  l e a s t  one of x and y ,  say x, i s  not in C. I f  y 
i s  an element o f  C, then x i s  a chord of  the c i r c u i t  C - A of 
M/A. Therefore ,  x i s  a chord of the c i r c u i t  C of  M, a 
c o n t ra d ic t io n  to  ( 4 .1 4 .1 ) .  Hence x and y are  not in  C.
Now, by c i r c u i t  e l im in a t io n ,  the re  i s  a c i r c u i t  C' of 
M/A t h a t  con ta in s  x and i s  conta ined  in 
{ x,y  ) U (C - A - p ) .  I f  y i s  not C ' ,  then x i s  a chord of
C‘ , so x i s  a chord o f  C in M. Hence we must have t h a t  x i s
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in  C ' .  Now assume t h a t  C' i s  a proper  subset  of 
{ x ,y  ) U (C - A -  p ) .  Then by c i r c u i t  e l im ina t ion  appl ied  
to  the t r i a n g l e  { p ,x ,y  } and the c i r c u i t  C' of M/A, the re  i s  
a c i r c u i t  C" of  M/A conta ined in  ({ p,y } U C )  -  x.  Now y
i s  not in C" o therwise ,  y i s  a chord of  C - A in M/A and
hence i s  a chord of  C in M, a c o n t r a d ic t io n  to  (4 .1 4 .1 ) .  
Hence C" i s  a c i r c u i t  of  M/A which i s  properly  conta ined  in 
the c i r c u i t  C - A of M/A, a c o n t r a d i c t io n .  /
(4 .14 .3 )  Lemma. M/e i s  3-connected.
Proof.  Suppose M/e i s  not 3-connected.  Then, s ince  M\e 
i s  not 3-connected and e i s  in no t r i a d s  of  M, the re  i s  a
t r i a n g l e  { e , x ,y  } of M, by (1 .27 ) .  Applying (4 .14 .2)  with
A = $ , we g e t  t h a t ,  x and y are  not in  C, and t h a t
( x , y } U ( C - e )  i s  a c i r c u i t  of M. Now cons ide r  the
c i r c u i t  { y } U (C -  e) of  the  2-connected matroid M/x\e. 
I f ,  fo r  some element f  of  C - e ,  the matroid M /x \e , f  i s  
2-connected, then ,  s ince M\e,f  i s  not 2-connected, { e , f , x  }
i s  a t r i a d  of M, a c o n t r a d ic t io n .  So we may assume t h a t ,  fo r
a l l  elements f  o f  C - e ,  the matroid M /x \e , f  i s  not
2-connected. Therefore ,  by (2 .17 ) ,  C - e con ta ins  a
2 - c o c i r c u i t  of M/x\e. This i s  a c o n t r a d ic t io n  s ince  M
conta ins  no 2 - c o c i r c u i t s  and e i s  in no t r i a d s  of  M. /
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(4 .14 .4)  Lemma. Every element  o f  C -  e i s  in  a t r i a d  o f  M.
Proof.  By the l a s t  lemma, M/e i s  3-connected. Note 
t h a t  C - e i s  a c i r c u i t  of  M/e. Now i f ,  f o r  d i s t i n c t
elements f , g  of C -  e ,  the matroid M/e\f ,g  i s  2-connected, 
then { e , f , g  } i s  a t r i a d  of  M, a c o n t r a d i c t io n .  Therefore ,  
f o r  a l l  elements f , g  of C - e ,  the matroid M/e \f ,g  i s  not
2-connected.  Hence, by the induct ion  hypothes is ,  every
element of  C - e i s  in a t r i a d  of  M/e, and consequently ,  of  M.
/
(4 .14 .5)  Lemma. Let g be an element o f  C -  e .  Then M/g i s
3-connected.
Proof Suppose t h a t  M/g has a 2 - sep a ra t io n .  By
( 4 .1 4 .4 ) ,  g i s  in  a t r i a d  { g , h , x >  of M. Moreover, we may 
assume t h a t  h i s  in C - e .  Now, by (1 .27 ) ,  e i t h e r  M/g o r  M\g 
has only minimal 2 - s e p a ra t io n s .  But, by (4 .9)  and the 
assumption t h a t  e i s  in no t r i a d s  of  M, the matroid M\g does 
not have only minimal 2 - s e p a ra t io n s .  Now, by ( 4 .1 4 .1 ) ,  any 
t r i a n g l e  of M conta in ing  g con ta ins  two elements of
E(M) - C. Thus, s ince  g i s  in  the t r i a d  { g , h , x > ,  the 
element x i s  in E(M) - C o the rw ise ,  M has a t r i a n g l e  and a 
t r i a d  meeting only in  g. Therefore ,  by (4 .1 2 X 1 ) ,  g i s  in a 
unique t r i a n g l e  { g , x , y } of  M and x and y are  not in C. 
Hence, as M/g has no non-minimal 2 - se p a ra t io n s ,  M/g\y i s
3-connected, by (1 .2 7 ) .
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Consider the c i r c u i t  C -  g of  the 3-connected matroid 
M/g\y. I f ,  fo r  d i s t i n c t  elements p,q o f  C -  f ,  the  matroid
M \y /g \P ' ,q  i s  2-connected,  then ,  s ince  M\p,q i s  not
2-connected, e i t h e r  { p , q , y } or  { p , q , g }  i s  a t r i a d  of M. 
This i s  a c o n t r a d i c t io n  s ince  each of  { p , q , y >  and { p ,q ,g  ) 
has ex ac t ly  one element in  common with the t r i a n g l e  
{ 9»x,y Therefore ,  fo r  a l l  elements p,q of C - g, the 
matroid M\y/g\p,q i s  not 2-connected. Therefore ,  by the 
induction hypo thes is ,  every element of  C - g i s  in a t r i a d  of 
M\y/g. In p a r t i c u l a r ,  e i s  in a t r i a d  { e , f , z l  o f  M\y/9 
where f  i s  an element of  C - g. Since e i s  in no t r i a d s  of 
M, the s e t  { e , f , y , z )  i s  a c o c i r c u i t  o f  M. Also, by
o r th o g o n a l i ty  o f  the t r i a n g l e  { g , x , y l  and the c o c i r c u i t  
{ e , f , y , z )  , we must have t h a t  z = x. Thus { e , f , x , y  ) i s  a
c o c i r c u i t  of  M. Therefore ,  by (4 .1 3 ) ,  e i s  in a t r i a d  of  M,
a c o n t r a d i c t io n .  /
(4 .1 4 .6 )  Lemma. Every element g o f  C -  e i s  in  a t r i a d  { f , g , h  }
which i s  con ta ined  in  C -  e .
Proof.  By ( 4 .1 4 .5 ) ,  M/g i s  3-connected.  Consider the 
c i r c u i t  C - g o f  the matroid M/g. I f ,  fo r  a l l  d i s t i n c t  
elements f , h  o f  C - g, the matroid M/g\f ,h  i s  not
2-connected,  th en ,  by the induc t ion  hypothesis ,  every element 
of C - g i s  in a t r i a d  of M/g, and consequently ,  of M. This 
c o n t r a d i c t s  the assumption t h a t  e i s  in no t r i a d s  of  M.
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Therefore ,  fo r  some d i s t i n c t  elements,  f , h  of C - g, the
matroid M/g\f,h i s  2-connected. Hence, s ince  M\f,h i s  not
2-connected, { f , g , h >  i s  a t r i a d  of M. /
So f a r ,  we have shown t h a t  i f  the element e i s  not in  a t r i a d  
of  M, then the co n t rac t io n  of each element of C i s  3-connected. Also, 
we have shown t h a t  every element of  C -  e i s  in  a t r i a d  of M contained 
in  C. In the next ,  and f i n a l ,  s tage  of  the proof ,  we c o n t r a c t  as 
many elements of  C -  e as  poss ib le  in such a way t h a t  the r e s u l t i n g
co n t ra c t io n  minor M' i s  3-connected, and the c i r c u i t  C1 obtained  from
C con ta ins  no t r i a d s .  Then we show t h a t  C' has an element g which i s  
contained in a unique t r i a n g l e  T of  the minor M1. Then we put back 
some of the  elements we had con trac ted  in such a way t h a t  T remains a
t r i a n g l e  of the enlarged  minor M" of M. F in a l ly ,  we show t h a t  e i s  in
a t r i a d  of  M", thus ob ta in ing  a c o n t r a d ic t io n .
(4 .14 .7 )  Lemma. Let A be a subset  o f  C -  e and suppose t h a t  M/A i s
3-connected.  I f  g i s  in  a t r i a d  o f  M/A which i s  
conta ined in C -  (A U e ) ,  then M/A/g i s  3-connected.
Proof.  Suppose t h a t  M/A/g has a 2 - sep a ra t io n .  I f  M/A\g 
has no non-minimal 2 - sep a ra t io n s ,  then,  by ( 4 .9 ) ,  g i s  in 
t r i a d s  of M with each element of  C - A, a c o n t r a d ic t io n  s ince  
e i s  in C - A. Therefore ,  M/A/g has only minimal 
2 - sep a ra t io n s ,  by (1 .27) .  Let T be a t r i a n g l e  of  M/A
conta in ing  g. Then, s ince g i s  in a t r i a d  of  M/A which i s
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contained  in C -  A, the t r i a n g l e  T conta ins  an element of 
C -  A o the r  than g. Moreover, s ince  C - A has a t  l e a s t  four 
elements ,  T f  C -  A. So T conta ins  an element x which i s  not 
in  C -  A. Therefore x i s  a chord of  C - A, and consequently , 
i s  a chord of  C in  M, a c o n t ra d ic t io n  to ( 4 .1 4 .1 ) .  Hence
M/A/g i s  3-connected. /
Let A be a subse t  of C - e such t h a t  M/A i s  3-connected and 
| A | i s  maximal with r e sp ec t  to  t h i s  p roper ty .  Note t h a t ,  by
(4 .1 4 .5 ) ,  A i s  non-empty. Also, s ince  M/A i s  a 3-connected matroid
having a t  l e a s t  four  e lements ,  C - A conta ins  a t  l e a s t  th ree  elements.
(4 .14 .8 )  Lemma. C -  A has a t  l e a s t  fou r  elements.
Proof.  Suppose t h a t  C -  A = ( e , f , g  }.  Note t h a t  M/A\e 
i s  not 3-connected. For i f  M/A\e i s  3-connected, then ,  s ince  
E(M/A\e) has a t  l e a s t  s ix  elements,  M/A\e,f i s  2-connected.
Then, s ince  M\e ,f  i s  not 2-connected and A i s  independent,
there  i s  an element p of  A such t h a t  { e , f , p  } i s  a t r i a d  of
M, by ( 4 .6 ) .  This i s  a c o n t r a d ic t io n  s ince  e i s  in no t r i a d s  
of M. Also, by (4 .9 ) ,  M/A\f i s  not 3-connected. Therefore , 
by ( 4 .1 ) ,  e i s  in a t r i a d  of  M, a c o n t r a d ic t io n .  Hence C - A 
has a t  l e a s t  four  elements.  /
Now, by ( 4 .9 ) ,  fo r  every element p of  C -  A, the matroid
M/A\p i s  not 3-connected. Thus M/A i s  (1 ,3)  r e l a t i v e  to  the c i r c u i t
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C - A. Therefore, by (4 .2 ) ,  C - A i n t e r s e c t s  a t  l e a s t  two t r i a d s  of 
M/A. Let { g , h ,x )  be one of  these t r i a d s  where { g,h } i s  contained 
in C - A. Note t h a t  x i s  not in C - A otherwise ,  by (4 .1 4 .7 ) ,  M/A/g 
i s  3-connected, a con trad ic t ion  to  the maximality of | A | . Now M/A/g 
and M/A\g have a 2 -separa t ion .  Since e i s  in no t r i a d s  of M/A, the 
matroid M/A\g does not have only minimal 2 -separa t ions ,  by (4 .9 ) .  
Therefore , M/A/g has only minimal 2 - separa t ions .
Let T be a t r i a n g l e  of  M/A conta ining g. Then, since C - A 
conta ins  a t  l e a s t  four elements and C - A has no chords in M/A, we 
have t h a t  (C - A) fl T = { g }. Moreover, s ince  {g ,h ,x  } i s  a t r i a d  
of M/A and h i s  in C - A and there fo re  i s  not in T, the element x i s
in T. Thus every t r i a n g l e  of M/A conta ining g also contains  x.
Therefore , since M/A has a t  l e a s t  e igh t  elements and M/A/g has only 
minimal 2 -separa t ions ,  g i s  contained in a unique t r i a n g le  { g , x , y } ,  
by (1 .25) .
Let A' be a subset  of A such t h a t  | A1 | i s  minimal with 
respect  to  the property t h a t  { g ,x ,y  > i s  a t r i a n g le  of M/A'. Then we 
have the following lemma.
(4.14.9) Lemma, ( i )  M/A' i s  3-connected.
( i i )  I f  p,q are d i s t in c t  elements of C -  (A1 U g),
then M/A'\p,q i s  not 2-connected.
( i i i )  M/A'/g\x i s  3-connected.
Proof. ( i )  As M/A i s  3-connected,  Lemma (4.4) implies 
t h a t  M/A' i s  3-connected.
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( i i )  Suppose t h a t ,  fo r  d i s t i n c t  elements p,q of 
C - (A1 U g) ,  the matroid M/A'\p,q i s  2-connected. Then, 
s ince  M\p,q i s  not 2-connected and A' i s  independent,  there  
i s  an element a of  A1 such t h a t  { a , p , q  H s  a t r i a d  of M,
by (4 .6 ) .  Consider M/(A' -  a ) .  Since { a ,p ,q  1 i s  a t r i a d
of  M/(A1 - a ) ,  the se t  { g ,x ,y , a  ) i s  not a c i r c u i t  of
M/(A' -  a ) ,  by or thogonal i ty .  Therefore, as { g ,x ,y  ) i s  a 
t r i a n g l e  of  M/A', i t  i s  a lso a t r i a n g l e  of  M/(A' -  a ) ,  a
c on t rad ic t ion  to  the minimality of  | A' | .
( i i i )  Let T be a t r i a n g l e  of M/A' contain ing g. Then T 
i s  a dependent s e t  in the 3-connected matroid M/A. So T i s  
a t r i a n g l e  of M/A. Therefore, since {g ,x ,y  } i s  the unique
t r i a n g le  of  M/A containing g, the t r i a n g le  T i s  { g , x , y } .
Hence { g ,x ,y  } i s  the unique t r i a n g l e  of  M/A' conta ining
g. Now, s ince e i s  in no t r i a d s  of M/A', the matroid M/A'\g 
does not have only minimal 2 -separa t ions ,  by (4 .9) .
Therefore , by (1.27) and the f a c t  t h a t  M/A'/g has a
2 -separa t ion ,  M/A'/g has only minimal 2 - separa t ions .  Hence 
M/A'/g\x i s  3-connected, by (1 .27) .  /
(4 .14.10)  Lenina. For some element f  o f  C -  (A1 U g ) ,  the  s e t
{ e , f , x , y  } i s  a c o c i r c u i t  o f  M/A'.
Proof.  By (4 .1 4 .9 ) ( i i i ) ,  M/A'/g\x i s  3-connected.
Suppose t h a t ,  fo r  d i s t i n c t  elements p,q of  the c i r c u i t
C - (A1 U g) of  M/A'/g\x, the matroid M/A'/g\x,p,q  i s
87
2-connected.  Then, by ( 4 .1 4 . 9 ) ( i i ) ,  M/A'\p,q i s  not
2-connected.  Therefore ,  by (2 .7)  app l ied  to  M/A'\p,q, e i t h e r  
g or  x i s  a coloop of  M/A'\p ,q. Then, s ince  M/A' i s
3-connected,  e i t h e r  { g , p , q }  or ( x , p , q  } i s  a t r i a d  of 
M/A'. This i s  a c o n t r a d ic t io n  s ince  each of the s e ts  
{ g , p , q }  and { x , p , q l  has exac t ly  one element in common with 
the t r i a n g l e  { g ,x ,y  L  Thus, fo r  a l l  elements p ,q  of 
C - (A1 U g) ,  the  matroid M /A '/g \x ,p ,q  i s  not 2-connected. 
Therefore ,  by the induct ion  hypothes is ,  every element of 
C - (A1 U g) i s  in  a t r i a d  of  M/A'/g\x. In p a r t i c u l a r ,  fo r  
some element f  o f  C -  (A1 U g ) ,  the s e t  { e , f , z )  i s  a t r i a d  
of  M/A'/g\x. Since e i s  in  no t r i a d s  of  M/A', the se t
{ e , f , x , z }  i s  a c o c i r c u i t  of M/A'. By o r thogona l i ty ,  we must 
have z = y .  Hence { e , f , x , y }  i s  a c o c i r c u i t  of  M/A'. ^
Now M/A'\e ,g i s  not 2-connected, fo r  i f  i t  i s  
2-connected, then ,  s ince M\e,g i s  not 2-connected, { e , g }  i s  
contained in a t r i a d  o f  M, by (4 .6 ) ,  a c o n t r a d ic t io n .
Therefore ,  s ince  M/A'\e i s  2-connected,  M/A'\e/g i s
2-connected. Since M/A '\e /g/x has y as a loop and i s  
t h e re fo re  not 2-connected, M/A '\e /g \x  i s  2-connected.  Now, 
s ince  M /A '\e /g \x ,y  has f  as a coloop and i s  th e re fo re  not 
2-connected, M/A '\e /g \x /y  i s  2-connected. So, s ince  { g ,x ,y  } 
i s  a t r i a n g l e  of  M/A'\e,  we have M /A '\e /g \x /y  = M /A '\e ,g /x ,y ,  
by (1 .30) .  Note t h a t  M/A'\e,g i s  not 2-connected. Therefore ,  
by (2 .7)  appl ied  to M/A'\e,g and the independent s e t  { x , y )  , 
e i t h e r  { e , g ,x  } or  { e , g ,y  } i s  a t r i a d  of  M/A', and
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t h e r e fo re ,  of  M. This con t rad ic ts  the assumption th a t  e i s  in
no t r i a d s  of M and thereby completes the proof of  Theorem 4.14.
V
SECTION 3. THE MAIN THEOREM
In t h i s  s ec t io n ,  we will f in i sh  the proof of the main theorem.
(4.15) Theorem. Let M be a matroid o ther  than a wheel of  rank more 
than th re e .  I f  M i s  (2,3) r e l a t i v e  to  a c i r c u i t  C, 
then every p a i r  o f  elements of  C i s  contained in a 
t r i a d  of  M.
An Outl ine of  the Proof
We u t i l i z e  induction on the s ize  of C. We f i r s t  show t h a t  i f
C has th ree  elements,  then the conclusion of the theorem holds.  Then
we assume t h a t  C has a t  l e a s t  four elements ,  and th a t  C has a p a i r  of 
elements { e , f  } which i s  not contained in any t r i a d s  of  M. In
(4 .15 .1)  through ( 4 .1 5 .3 ) ,  we show th a t  i f  M/e i s  not 3-connected, 
then we can build a wheel of  rank four  having C as i t s  rim, thus 
obta in ing  a co n t rad ic t io n  to the hypotheses of  the theorem.
Using the f a c t  t h a t  M/e i s  3-connected, we show t h a t ,  fo r  
every element g o f C -  { e , f } , the matroid M/g i s  3-connected. From
t h i s ,  i t  can be shown t h a t  e i s  contained in  a t r i a d  f e , g , h )  which
i s  contained in C. Moreover, M\e,g,h i s  2-connected.
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Next, we cons ide r  the element g. I f  g i s  in a t r i a d  of  M with 
every element o f  C -  { e , f } ,  then ,  by (4 .5 ) ,  { e , f  } i s  conta ined in 
a t r i a d  of  M. This c o n t r a d i c t s  the assumption t h a t  { e , f  ) i s  
conta ined in no t r i a d s  of  M.
Then we cons ide r  the s e t  G of the elements of C t h a t  are not 
conta ined in  a t r i a d  of  M with g. A maximal number of  elements o f  G 
i s  con trac ted  such t h a t  the minor obtained i s  3-connected. I t  can 
e a s i ly  be shown, using ( 4 .5 ) ,  t h a t  t h i s  minor con ta ins  an element a of 
G, t h a t  i s ,  M/G i s  not 3-connected. Also, i t  can be shown t h a t  a i s  
in  a t r i a n g l e  T of  the co n t rac t io n  minor.
Then we put back some of  the con t rac ted  elements in such a way 
t h a t  T i s  a t r i a n g l e  of  the enlarged minor M'. We show t h a t  any 
t r i a n g l e  of M' con ta in ing  a conta ins  two elements of E(M) -  C. We 
also  show t h a t  M ' \e ,g ,h  i s  2-connected. Furthermore, we show t h a t ,  
f o r  every t r i a n g l e  { a , x ,y  } of M', the matroids M ' \e ,g ,h ,x  and 
M ' \ e ,g ,h ,x ,y  are  2-connected.
This s e t s  the s tage  fo r  the f in a l  c o n t r a d ic t io n .  We show 
t h a t ,  fo r  some t r i a n g l e  { a , x , y }  of  M', the  se t  { e , f , h , x , y }  i s  a 
c o c i r c u i t  o f  M'. Therefore ,  by c i r c u i t  e l im ina t ion  applied  to  
{ e , g ,h  } and { e , f , x , y } ,  the se t  { f , g , h , x , y }  con ta ins  a c o c i r c u i t  
C* of M'. F in a l ly ,  we show t h a t  the ex is te n c e  of C* c o n t r a d i c t s  the 
f a c t  t h a t  M ' \ e ,g ,h ,x  and M ' \ e ,g ,h ,x ,y  a re  2-connected.
Proof o f  Theorem (4 .15)  We argue by induct ion  on I C I . Suppose 
C = { e , f , g  }. Since M\e, M\f and M\g are  not 3-connected, one o f  the 
elements ,  say g, i s  in t r i a d s  with each of  e and f ,  by (4 .1 ) .  Now we
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apply 4.5 to  the c i r c u i t  { e , f , g }  to obtain t h a t  { e , f  } i s  in a
t r i a d  of M. Thus the theorem holds i f  | £ | = 3, so suppose C has a t
l e a s t  four elements.  Assume th a t  C has two elements e , f  such th a t
{ e , f  } i s  contained in no t r i a d s  of M. Notice t h a t  E(M) - C has a t
l e a s t  four elements,  by (4 .8 ) .
(4.15.1) Lemma. Let g be an element of C and x ,z  be elements of
E(M) - C. I f  { g , x , z } i s  a t r ia n g le  of M and M/g\z
is  3-connected, then, fo r a l l  pa irs  { p,q ) of
elements of C - g, the matroid M/g\z,p,q i s  not
2-connected.
Proof. Suppose t h a t ,  fo r  some p a i r  { p,q } of elements 
of C - g, the matroid M/g\z,p,q i s  2-connected. Thus M/g\p,q 
i s  2-connected. Then, s ince M\p,q i s  not 2-connected,
{ g ,p ,q  } i s  a t r i a d  of M, by (4 .6 ) .  This i s  a con trad ic t ion  
since  { g ,p ,q  ^ has exact ly  one element in common with the 
t r i a n g le  { g ,x ,z  }. /
(4.15.2) Lemma. Let g be an element of C -  { e , f  } and x ,y ,z  be
elements of E(M) -  C. Suppose th a t  { e ,x ,y  > and
{ g ,x ,z  } are t r ia n g le s  of M and th a t  { g , f , z  } i s  a
t r ia d  of M. I f  M/g\z i s  3-connected, then, fo r  some
element h, C = { e , f ,g ,h  } and { e ,h ,y }  i s  a t r ia d
of M. Moreover, there  i s  an element w of
E(M) - (C U { x , y , z  }) such t h a t  { f ,h ,w  ) i s  a t r i a d  
o f  M.
Proof.  e
g
f
FIGURE 5
By ( 4 .1 5 .1 ) ,  M/g\z i s  (2 ,3)  r e l a t i v e  to  the c i r c u i t  
C - g. Therefore ,  by the induct ion  hypothesis ,  i f  h i s  in 
C - { e , f , g  }, then { e ,h  } i s  contained in a t r i a d  T* of 
M/g\z. Since { e , x , y  } i s  a t r i a n g l e  of  M/g\z, e i t h e r  T* i s  
{ e ,h ,x  } or T* i s  { e , h , y )  . In the f i r s t  case ,  { e , h , x , z  ) 
i s  a c o c i r c u i t  o f  M, by o r th o g o n a l i ty  with the t r i a n g l e  
{ g ,x ,z  }. Now, by (4.13) appl ied  to the t r i a n g l e  { g ,x , z  } 
and the c o c i r c u i t  { e , h , x , z  },  e i t h e r  { g ,h ,x  } or { g ,h , z  } 
i s  a t r i a d  of  M. But { g ,h ,x  } cannot be a t r i a d  of  M because 
of  o r thogona l i ty  with the t r i a n g l e  { e , x , y } .  So ( g , h , z >  i s  
a t r i a d  of M. But then,  by c i r c u i t  e l im ina t ion  appl ied  to 
{ g ,h ,z  } and ( f , g , z > ,  the s e t  { f , g , h  } i s  a t r i a d  of  M. 
This i s  a c o n t r a d ic t io n  s ince  { f , g , h  } has exac t ly  one
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element in common with the t r i a n g l e  { g ,x ,z  } .  Therefore, 
T* ={ e , h ,y  }. Now { e , h , y , z  ) cannot be a c o c i r c u i t  of M
because of or thogonali ty  with the t r i a n g le  ( g ,x ,z  }. Hence,
fo r  every element h of  C - { e , f , g }  , the se t  ( e , h , y  > i s  a
t r i a d  of M. To show t h a t  C - { e , f , g  } has exact ly  one 
element,  suppose t h a t  i t  has d i s t i n c t  element h and h ' .  
Then, by c i r c u i t  e l iminat ion  applied to  f e , h ,y  } and 
( e , h ' , y  }, the se t  { e , h , h ‘ } i s  a t r i a d  of M. This i s  a
c o n t rad ic t io n  to  the o r thogona l i ty  with the t r i a n g le  
{ e ,x ,y>  . Hence C = { e , f , g , h )  .
Next we ver i fy  t h a t ,  fo r  some element w of 
E(M) - (C U ( x ,y ,z  » ,  the se t  { f ,h ,w  } i s  a t r i a d  of  M. 
Since M/g\z i s  (2 ,3)  r e l a t i v e  to  the c i r c u i t  ( e , f , h } ,  the
induct ion hypothesis  implies t h a t  there  i s  an element w of 
E(M/g\z) such t h a t  { f ,h ,w> i s  a t r i a d  of  M/g\z. By 
o r thogona l i ty ,  w i s  not an element of  the t r i a n g l e
{ e ,x ,y  }. Moreover, { f , h , z , w }  cannot be a c o c i r c u i t  of M
because of  o r thogona l i ty  with the t r i a n g le  { g ,x ,z }  . 
Therefore , { f ,h ,w }  i s  a t r i a d  of M. /
(4.15.3) Lemma. M/e and M/f are 3-connected.
Proof. We prove t h a t  M/e i s  3-connected. Suppose, to
the con tra ry ,  t h a t  M/e i s  not 3-connected. Then, s ince M\e 
i s  not 3-connected, M\e or  M/e has only minimal
2 -separa t ions ,  by (1 .27) .  I f  M\e has only minimal
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2-sepa ra t ions ,  then,  by (4 .9 ) ,  e i s  in t r i a d s  of M with each
element o f  C. This i s  a co n t rad ic t ion  to  the assumption th a t
{ e , f  ) i s  contained in no t r i a d s  of M. Thus M/e has only
minimal 2 -separa t ions .
Now, by (4 .14) ,  e i s  in a t r i a d  T* of M. By
or thogona l i ty ,  T* conta ins  an element g of  C - e.  Let 
T* = { e ,g ,x  }. Then, by (4 .12) ,  e i s  in a unique t r i a n g le  
( e , x , y )  of M and x,y are  elements o f  E(M) - C. Also, M/g i s  
not 3-connected.
Since M\g does not have only minimal 2 - separa t ions ,  by
(4.9) and (4 .5 ) ,  M/g does. Therefore , by (4.12) appl ied to  
the t r i a d  { g , e , x }  , the element g i s  in a unique t r i a n g le  
{ g ,x ,z  } of  M. I f  z = y, then,  by c i r c u i t  e l iminat ion  
appl ied to { g ,x ,y  } and { e ,x ,y  }, the se t  { e ,g ,x  } i s  a 
t r i a n g l e  of  M. This i s  a co n t rad ic t ion  since { e ,g ,x  } i s  
both a t r i a n g le  and a t r i a d  of a 3-connected matroid with a t  
l e a s t  f iv e  elements,  by (1 .24) .  Therefore z i s  d i s t i n c t  from
y.
Next we show t h a t  { f , g , z  } i s  a t r i a d  of M. By 
(1 .27) ,  M/g\z i s  3-connected. Moreover, C - g i s  a c i r c u i t  of 
M/g\z. Now, by (4 .1 5 .1 ) ,  M/g\z i s  (2,3) r e l a t i v e  to  C - g. 
Therefore , there  i s  an element t  of M/g\z such t h a t  { e , f , t  } 
i s  a t r i a d  of M/g\z. Since { e , f  } i s  not in any t r i a d s  of  M, 
the se t  { e , f , t , z )  i s  a c o c i r c u i t  of  M. Now, since z i s  an 
element of the t r i a n g l e  ( g ,x ,z  ), we must have t h a t  t  = x. 
Thus ( e , f , x , z  ) i s  a c o c i r c u i t  of M. Now, by (4.13) appl ied
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to  the t r i a n g le  { g ,x ,z  } and the c o c i r c u i t  { e , f , x , z } ,  
e i t h e r  { f , g , x  } or { f , g , z  } i s  a t r i a d  of  M. But { f , g , x  } 
cannot be a t r i a d  of M because of orthogonali ty  with the 
t r i a n g le  { e ,x ,y  }. Therefore, { f , g , z  } i s  a t r i a d  of M.
Now, by (4 .15 .2 ) ,  C = { e , f , g , h  >, the s e t  { e , h , y }
i s  a t r i a d  of M, and, fo r  some element w of
E(M) - (C U { x , y , z }  ), the se t  {f ,h ,w } i s  a t r i a d  of M. 
Moreover, by ( 4 . 1 2 ) ( i i i )  applied to  the t r i a d  { f , g , h }  and 
M/g, the matroid M/f i s  not 3-connected. Now, s ince M\f does 
not have only minimal 2 -separa t ions ,  M/f has only minimal
2 -separa t ions .  Therefore, by (4.12) applied to the t r i a d
{ f , g , z )  and then to  the t r i a d  { f ,h ,w }, the se t  { f ,z ,w  } 
i s  the unique t r i a n g le  of M containing f .  S im ila r ly ,  
{ h,y,w } i s  the unique t r i a n g le  of  M containing h.
Let W= { e , f , g , h , x , y , z , w  >. I t  i s  easy to  ver i fy  
t h a t  the c i r c u i t s  of M\(E(M) - W) are  the c i r c u i t s  of W^ , and 
t h a t  rk*W = 4. Now, by (1 .3 ) ,  rkW + rk(E(M) - W) - rkM = 
rkW + rk*W - | W | . But rkW +rk*W - |W | = 4 + 4 - 8 = 0 .  
Therefore , rkW + rk(E(M) - W) = rkM. Thus, s ince M is
3-connected, E(M) = W. This i s  a con t rad ic t ion  since M i s  
not the wheel W^ . Hence M/e i s  3-connected. S im ila r ly ,  by 
interchanging e and f  in the argument above we ge t  t h a t  M/f 
i s  3-connected. /
(4.15.4) Lemma. Let g be an element of C -  { e , f  }. Then M/g is
3-connected.
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Proof. Suppose M/g has a 2-separa t ion .  I f  M\g has no
non-minimal 2 -separa t ions ,  then,  by (4 .9 ) ,  g i s  in  t r i a d s  of 
M with every element of C - g. But then, by (4 .5 ) ,  { e , f  } 
i s  contained in a t r i a d  of M, a co n t rad ic t io n .  Therefore M/g 
has only minimal 2 -separa t ions .  Now, by (4 .14) ,  g i s  in a 
t r i a d  of M. Therefore, by (4 .12) ,  g i s  in a unique t r i a n g le  
{ g .x .y  } of M. Now consider  the c i r c u i t  C - g of the
3-connected matroid M/g\x. By (4 .15 .1 ) ,  M/g\x i s  (2,3) 
r e l a t i v e  to C - g. Therefore, by the induction hypothesis ,  
{ e , f , t  } i s  a t r i a d  of M where t  i s  an element of M/g\x. 
Therefore, { e , f , t , x  } i s  a c o c i r c u i t  of M. Now, by 
or thogona li ty  with the t r i a n g le  { g,x ,y> , we must have
t  = y.  Thus { e , f , x , y  } i s  a c o c i r c u i t  of M. Now, by (4.13) 
applied to  the t r i a n g le  { g ,x ,y  } and the c o c i r c u i t
{ e , f , x , y } , the se t  { e ,g ,x}  i s  a t r i a d  of M. But then,  by 
( 4 .1 2 ) ( i i i )  applied to  the t r i a d  { e , g , x > ,  the matroid M/e 
i s  not 3-connected. This i s  a con trad ic t ion  to the l a s t  
lemma. Hence M/g i s  3-connected. /
(4.15.5) Lemma. The element e i s  in a t r ia d  { e ,g ,h  } of M which is
contained in C. Moreover, M\e,g,h i s  2-connected.
Proof. I f ,  fo r  a l l  elements g,h of C - e ,  the matroid 
M/e\g,h i s  not 2-connected, then, by the induct ion
hypothesis ,  every p a i r  of elements of C - e i s  contained in a
t r i a d  of M/e. In p a r t i c u l a r ,  there  i s  an element p which i s
in  t r i a d s  of  M with every element of  C - e .  Therefore ,  by
(4 .5 ) ,  { e , f  } i s  conta ined in  a t r i a d  of M, a
c o n t r a d ic t io n .  Thus, fo r  some elements g,h of C -  e ,  the 
matroid M/e\g,h i s  2-connected. Hence, s ince M\g,h i s  not 
2-connected,  { e , g , h }  i s  a t r i a d  of  M. The l a s t  conclusion 
follows from (1 .30 ) .  /
Now, by the l a s t  lemma, th e re  i s  a t r i a d  { e ,g ,h  } of M such 
t h a t  M\e,g,h i s  2-connected and { e , g ,h  } i s  contained in  C. We may 
assume, by (4 .5 ) ,  t h a t  th e re  i s  an element a of  C - { e , f }  such t h a t  
{ g ,a  } i s  not contained in  any t r i a d s  of  M.
Let G be the s e t  of elements a of C -  { e , f  } fo r  which
{ g ,a  } i s  contained in no t r i a d s  of  M. Now i f  M/G i s  3-connected,  
then g i s  in t r i a d s  of  M/G with every element of  C - (G U { e , f  }) .  
Moreover, M/G\e,f i s  not 2-connected.  Therefore ,  by (4 .5 ) ,  { e , f  } i s  
conta ined in a t r i a d  o f  M/G, a c o n t r a d i c t io n .  Hence M/G i s  not
3-connected.
Now l e t  A be a subse t  of G such t h a t  M/A i s  3-connected, and
| A | i s  maximal with r e sp ec t  to  t h i s  p roper ty .  Then A i s  not empty,
by ( 4 .1 5 .4 ) .  Also, s ince  M/G i s  not 3-connected, G - A i s  not empty. 
Let a be an element o f  G - A. Then, s ince  | A | i s  maximal, M/A/a i s  
not 3-connected.  Also M/A\a i s  not 3-connected, otherwise M/A\a,g i s
2-connected and th e r e f o r e ,  { a ,g  } i s  in  a t r i a d  of  M, a
c o n t r a d i c t io n .  Furthermore, s ince  a i s  not in a t r i a d  of M with g, 
the  matroid M/A\a does not have only minimal 2 -separa t ions  by (4 .9 ) .  
Therefore ,  M/A/a has only minimal 2 - sep a ra t io n s .
Now l e t  T be a t r i a n g le  of M/A conta ining a.  Let A' be a 
subset of A such t h a t  T i s  a t r i a n g le  of M/A' and | A' I i s  minimal 
with respec t  to t h i s  proper ty.
(4 .15.6)  Lemma, ( i )  A' i s  non-empty.
( i i )  M/A* i s  3-connected.
( i i i )  M/A'\g,a i s  not 2-connected.
( iv )  For every t r i a n g le  ( a , x , y  } of  M/A', n e i th e r
M/A'/x\g nor M/A'/y\g i s  2-connected.
(v) For every t r i a n g l e  ( a ,x ,y  > of  M/A', the s e t
{ x,y } i s  contained in  E(M) -  C.
(v i)  Let p,q be any elements o f  C -  (A1 U a ) .  Then
M/A'\p,q i s  not 2-connected.
( v i i )  M/A'\e ,g ,h  i s  2-connected.
Proof.  ( i )  I f  A' i s  empty, T i s  a t r i a n g le  of M. This
i s  a c o n t r ad ic t io n  since M/a i s  3-connected, by (4 .15 .4 ) .
( i i )  M/A' i s  3-connected by (4 .4 ) .
( i i i )  I f  M/A'\g,a i s  2-connected, then since M\g,a i s  not
2-connected and A' i s  independent,  { g ,a  } i s  contained in a
t r i a d  of M, by ( 4 .6 ) ,  a co n t rad ic t io n .
( iv )  Let { a ,x ,y  } be a t r i a n g l e  of M/A'. Suppose t h a t
M/A'/x\g i s  2-connected. Then, s ince  { a , y }  i s  a 2 - c i r c u i t  
of M/A'/x and of M/A'/x\g, the matroid M/A'/x\g,a i s
2-connected. Therefore , since M/A'\g,a i s  not 2-connected, 
{ g , a ,x  } i s  a t r i a d  of M/A', a c o n t ra d ic t io n .  Hence
98
M/A' /x \g  i s  not 2-connected. S im ila r ly ,  M/A'/y\g i s  not 
2-connected.
(v) Let { a ,x ,y  } be a t r i a n g l e  of M. Since, by ( iv ) ,  
M/A'\g/x i s  not 2-connected and M/A'\g i s  2-connected, 
M/A'\g,x i s  2-connected. Therefore x i s  not an element of C 
otherwise,  { g , x }  i s  contained in a t r i a d  of M with some 
element of A',  a c o n t ra d ic t io n .  S imilar ly ,  y i s  not an 
element o f  C.
(vi)  Suppose t h a t ,  fo r  d i s t i n c t  elements { p,q } of 
C - (A1 U a ) ,  the matroid M/A'\p,q i s  2-connected. Then, by
(4 .6 ) ,  { p ,q ,b  } i s  a t r i a d  of M fo r  some element b of A1.
Consider the 3-connected matroid M/(A‘ - b).  Since { p ,q ,b  }
i s  a t r i a d  of M/(A' - b ) ,  the s e t  T U b i s  not a c i r c u i t  of
M/(A1 - b) ,  by o r thogona l i ty .  Therefore , T i s  a t r i a n g l e  of
M/(A‘ - b ) .  This i s  a c o n t rad ic t io n  to the minimality of
I A' | .
(vi i )  Suppose M/A'\e ,g,h i s  not 2-connected. Since 
M\e,g,h i s  2-connected, we can f ind  a proper subset  F of A 
such t h a t  M\e,g,h/F i s  2-connected and | F | i s  maximal with 
respec t  to  t h i s  property .  Let b be an element of A' - F.
Then, by the maximality of | F |  , the matroid M\e,g,h/F/b is
not 2-connected. Therefore, M\e,g,h /F\b i s  2-connected. 
Now, by (1 .30) ,  M\£,g,h/F\b = M/e\g,h/F\b.  Thus, M\g,b/F/e\h 
i s  2-connected. Now, by (2.7) applied to  M\g,b, F U e and
{ h }, and the f a c t  t h a t  M i s  3-connected, { g,b } is.
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contained in a t r i a d  of M. This i s  a c o n t rad ic t ion  to the
f a c t  t h a t  g i s  not in a t r i a d  of  M with any element of  A'.  /
(4 .15 .7)  Lemma. M/A'/h i s  3-connected.
Proof.  Suppose M/A'/h i s  not 3-connected. I f  M/A'\h
has no non-minimal 2 -separa t ions ,  then,  by (4 .9 ) ,  h i s  in
t r i a d s  of M with every element of C - A'.  Let B be a se t  of
elements b such t h a t  b i s  in  A' and { b,h ) i s  contained in 
no t r i a d s  of M. Then M/B is  3-connected and M/B\e,f i s  not 
2-connected. Moreover, by the d e f in i t i o n  of B, the element h 
i s  in t r i a d s  of M/B with every element of the c i r c u i t  C - B. 
Therefore , by (4 .5 ) ,  { e , f  } i s  contained in  a t r i a d  of  M/B, 
a co n t ra d ic t io n .  Hence M/A'\h has a non-minimal 2 -separa t ion .
Now M/A'/h has only minimal 2-separa t ions  and
{ e ,g ,h  } i s  a t r i a d  of M/A'. So, fo r  some elements z,w of 
E(M/A') -  C, the se ts  { h , e , z  } and { h,g,w } are  the only 
possib le  t r i a n g l e s  of M/A' conta ining h. Suppose both 
t r i a n g le s  e x i s t .  Then, since  M/A'/h\e,g i s  3-connected, 
M /A ' /h \e ,g , f  i s  2-connected. But since  M/A '\e , f  i s  not
2-connected, { e , f , h  } or { e , f , g >  i s  a t r i a d  of M/A', a 
c o n t r a d ic t io n .  S imilar ly ,  i f  { h , e , z  } i s  the unique 
t r i a n g l e  of  M/A' containing h, then { e , f , h }  i s  a t r i a d  of 
M/A', a co n t ra d ic t io n .  Now assume t h a t  { h,g,w } i s  the
unique t r i a n g l e  of  M/A' conta ining h. Then, s ince M/A'/h\g 
i s  3-connected, M/A'/h\g,a i s  2-connected. But then { g ,a  }
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i s  contained in a t r i a d  of M with some element of A' U h, by
(4 .6 ) ,  a c o n t r a d i c t io n .  Hence M/A'/h i s  3-connected. /
(4 .15 .8 )  Leirana. Let { a , x ,y  } be a t r i a n g l e  o f  M/A'. Then
M /A ' \e ,g ,h ,x  and M /A ' \e ,g ,h ,x ,y  a re  2-connected.
Proof.  We f i r s t  prove t h a t  M /A ' \e ,g ,h ,x  i s
2-connected. Suppose not .  Then s ince ,  by ( 4 . 1 5 . 6 ) ( v i i ) ,
M/A '\e ,g ,h  i s  2-connected, M /A '\e ,g ,h /x  i s  2-connected. Now, 
s ince { e , g ,h  } i s  a t r i a d  of  M/A', we have
M /A '\e ,g ,h /x  = M /A '\g /e \h /x .  Thus M/A '/x\g/e \h  i s  
2-connected. Now by ( 4 . 1 5 . 6 ) ( i v ) , M/A'/x\g i s  not
2-connected.  I f  M/A'/x\g/e  i s  2-connected,  then e i t h e r  
{ e ,x  } i s  a c i r c u i t  of M/A', or { e ,g  } i s  a 2 - c o c i r c u i t  of 
M/A'. This i s  a co n t rad ic t io n  s ince M/A' i s  3-connected. 
Therefore M/A '/x\g /e  i s  not 2-connected. Then, s ince 
M/A'/x \g/e\h  i s  2-connected,  h i s  a loop or a coloop of 
M/A '/x \g/e .  I f  h i s  a loop, then,  s ince M/A' i s  3-connected, 
{ h ,e ,x  } i s  a t r i a n g l e  of M/A'. This i s  a c o n t ra d ic t io n  to
(4 .1 5 .7 ) .  On the  otherhand,  i f  h i s  a coloop, then { h,g } 
i s  a 2 - c o c i r c u i t  of M/A', again a co n t rad ic t io n  s ince M/A' i s
3-connected. Hence M /A '\e ,g ,h ,x  i s  2-connected.
Suppose t h a t  M /A '\e ,g ,h ,x ,y  i s  not 2-connected.  Then 
M /A '\e ,g ,h ,x /y  i s  2-connected and i s  equal to  
M /A ' /y \g /e \h ,x .  Now, by ( 4 .1 5 . 6 ) ( i v ) , M/A'/y\g i s  not
2-connected. I f  M/A'/y\g/e  i s  2-connected, then e i s  a loop
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or  coloop of M/A'/y\g, a co n t ra d ic t io n .  Therefore M/A'/y\g/e 
i s  not 2-connected. I f  M/A'/y\g/e\h i s  2-connected, then
{ h,g } i s  a 2 -c o c i r c u i t  of M/A' or { h ,e ,y  } i s  a t r i a n g le  
of M/A'. In both cases ,  we have a con trad ic t ion  since M/A1 
i s  3-connected and, by (4 .1 5 .7 ) ,  M/A'/h i s  3-connected.
Therefore M/A'/y\g/e\h i s  not 2-connected. Hence, since 
M/A '/y\g/e\h ,x  i s  2-connected, { g ,h ,x  } i s  a t r i a d  of M/A' 
or { e ,x ,y  > i s  a t r i a n g l e  of M/A'. But { g ,h ,x}  cannot be 
a t r i a d  of M/A1 because of or thogonal i ty  with the t r i a n g le  
{ a ,x ,y  }; and { e , x , y }  cannot be a t r i a n g le  of M/A' because 
of  or thogonal i ty  with { e , g , h > .  Hence M /A '\e ,g ,h ,x ,y  i s
2-connected. /
Let T' ,T" be d i s t i n c t  t r i a n g le s  of M/A' containing a.  Then,
since M/A'/a has only minimal 2-separa t ions  and E(M/A')  has a t  l e a s t
seven elements,  T' f) T" = { a }  . Also, every t r i a n g le  of M/A' 
conta ining a contains exact ly  two elements of  E(M/A') - C. Now choose 
exact ly  one element from each t r i a n g le  of M/A' containing a such th a t  
t h i s  element i s  d i s t i n c t  from a. Let X be the se t  of these elements.  
Then, by (1 .27) ,  M/A'/a\X i s  3-connected. Also C - (A‘ U a) i s  a 
c i r c u i t  of M/A'/a\X.
(4.15.9) Lemma. M / A ' / a \ X  i s  (2,3) re la t iv e  to the c i r c u i t  
C -  (A' U a ).
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Proof. Suppose t h a t ,  fo r  d i s t i n c t  elements p,q of 
C - (A1 U a ) ,  the matroid M/A'/a\X\p,q i s  2-connected. 
Then, by (4 .1 5 .6 ) (v i ),  M/A'\p,q i s  not 2-connected. I f  
M/A'\p,q/a i s  2-connected, then ( a ,p ,q  } i s  a t r i a d  of 
M/A1. This i s  a con trad ic t ion  because of or thogonali ty  with 
the t r i a n g l e  T. Therefore, M/A'/a\p,q i s  not 2-connected. 
Notice t h a t ,  s ince  every element of  X i s  in a 2 - c i r c u i t  of 
M/A'/a\p ,q ,  the s e t  X i s  coindependent in M/A'/a\p,q. Then, 
by the dual of (2 .7 ) ,  X conta ins  a loop of  M/A'/a\p,q, a
con t rad ic t ion  since M/A'/a i s  2-connected. Hence, f o r  a l l  
elements p,q of C - (A1 U a ) ,  the matroid M/A'/a\X\p,q i s  
not 2-connected. /
(4 .15.10)  Lenina. There i s  a t r i a n g l e  { a .x .y  } of  M/A1 such th a t
{ e , f , x , y }  i s  a c o c i r c u i t  of M/A'.
Proof.  By the l a s t  lemma, M/A'/a\X i s  (2,3) r e l a t i v e  
to  the c i r c u i t  C - (A1 U a) .  Therefore, by the induct ion 
hypothesis ,  { e , f  } i s  contained in a t r i a d  { e , f , y  } of
M/A'/a\X. Then, since { e , f  } i s  in no t r i a d s  of M/A', 
the re  i s  a non-empty subset F of  X such t h a t  { e , f , y  } U F 
i s  a c o c i r c u i t  of M/A*. Now, every element of F i s  in a
t r i a n g l e  of M/A'. Also, n e i the r  e nor f  i s  in any of the 
t r i a n g le s  contain ing a.  Therefore , F has exact ly  one 
element x, t h a t  i s ,  { e , f , y  } U F = { e , f , x , y  }.  Moreover, 
by o r thogona l i ty ,  { a , x , y }  i s  a t r i a n g le  of M/A*. /
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To complete the proof of  the main theorem, we now obtain a 
co n t rad ic t ion  by showing t h a t  the c o c i r c u i t  { e , f , x , y  } in the l a s t  
lemma cannot e x i s t .
Consider the t r i a d  { e ,g ,h  } and the c o c i r c u i t  { e , f , x , y  } 
of M/A'. By c i r c u i t  e l im ina t ion ,  there  i s  a c o c i r c u i t  C* of M/A' 
contained in { f , g , h , x , y } .  By o r thogona l i ty  with the t r i a n g le  
{ a , x ,y  },  e i t h e r  C* fl { x,y ) = <f>, or { x,y  } i s  contained in C*. 
I f  C* fl { x , y } = <t> , then C* = { f , g , h  } .  By applying c i r c u i t  
e l iminat ion  to the t r i a d s  { e ,g ,h  } and { f , g , n } ,  we ge t  t h a t  
{ e , f , h  } i s  a t r i a d  of M/A', a c o n t ra d ic t io n .  Therefore, { x,y } i s  
contained in C*. Notice t h a t ,  by or thogonal i ty  with the c i r c u i t  
C - A',  the c o c i r c u i t  C* contains a t  l e a s t  two elements of { f , g , h  } .  
Now i f  C* = { g , h , x , y } ,  then M/A '\e ,g ,h ,x  has y as a coloop. This i s  
a c o n t rad ic t ion  to  (4 .1 5 .8 ) .  Therefore , C* = { f , h , x ,y  } or 
C* = { f , g , h , x , y } .  In both cases ,  M /A ' \e ,g ,h ,x ,y  has f  as a coloop. 
Again, we have a co n t rad ic t io n  to (4 .1 5 .8 ) .  Hence { e , f  } i s  in a 
t r i a d  of M. V
CHAPTER 5
CONSEQUENCES AND GENERALIZATIONS
We want to discuss some of the consequences of  Theorem 4.15. 
In Section 1 we show t h a t  Theorem 3.9 follows from (4 .15) .  We also 
show t h a t  a Sylvester  matroid having a t  l e a s t  four elements i s  n e i the r  
graphic nor cographic. Thus, by (3 .20 ) ,  a ( 2 ,3 ) -matroid in not 
graphic.  Then we give an i n f i n i t e  family of graphs t h a t  are (2,3)
r e l a t i v e  to a t r i a n g l e .  And we show t h a t  i f  a graph G i s  (2,3) 
r e l a t i v e  to  a cycle  C, then C i s  a t r i a n g l e .
Let M be a 2-connected matroid and t  be an in tege r  g rea te r  
than one. M i s  t - c o c y c l i c  i f  i t  has the following two p ro p e r t ie s :
( i )  fo r  every subset  F of E(M) having a t  most t  - 1 elements,  M\F 
i s  2-connected; and
( i i )  fo r  every suoset  A of E(M) having exact ly  t  elements,  M\A is  
not 2-connected.
M i s  t - c y c l i c  i f  i t s  dual M* i s  t - c o c y c l i c .  The reason for  the
usage of the terms t - c o c y c l ic  and t - c y c l i c  will  be apparent from (5.7) 
and (5 .8 ) .
A matroid M i s  i d e n t i c a l l y  se l f -dua l  (ISD) i f  i t s  s e t s  of 
c i r c u i t s  and c o c i r c u i t s  co inc ide .
Let t  be an in te g e r  g rea te r  than one. Let E be any s e t  having
v elements and H be a c o l l e c t io n  of k-subse ts  of  E. The elements of
E and H are ca l led  po in ts  and blocks ,  r e sp ec t iv e ly .  The pa i r
(E,H) i s  a S te ine r  system S ( t , k ,v )  i f  every t - s u b s e t  i s  contained
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in p rec ise ly  one block. I t  i s  known t h a t  the c o l le c t io n  of blocks H 
of a S te ine r  system S ( t ,k ,v )  i s  the c o l l e c t i o n  of hyperplanes of a 
matroid M on E, [25, Theorem 2 .3 .1 ]  or [27, Theorem 64].
In Sect ion 2, we give some p ro p e r t i e s  and a ch a rac te r iz a t io n  of  
the matroids  M t h a t  are both t -c o cy c l ic  and t - c y c l i c .  We show th a t  
the rank of such a matroid i s  t  or  t  + 1, and t h a t  M i s  i d e n t i c a l ly  
s e l f - d u a l .  Then we show th a t  M i s  t -c o cy c l ic  and t - c y c l i c  of rank t  
i f  and only i f  M is  isomorphic to  U [ t ,2 t ] ,  and th a t  M i s  a t -cocyc l ic  
and t - c y c l i c  of rank t  + 1 i f  and only i f  M i s  a S te iner  system 
S ( t ,  t  + 1, 2 t  + 2). A theorem of Seymour [22] and a theorem of
Mendelsohn [12] follow immediately from t h i s  c h a ra c te r iz a t io n .
SECTION 1. CONSEQUENCES AND EXAMPLES
Theorem 3.9 i s  a consequence of (4 .15) .
(5 .1)  Corol lary .  Let M be a ( 2 ,3 ) -matroid .  Then every p a i r  of
elements of  E(M) i s  conta ined  in a t r i a d  of  M.
Proof.  Let e , f  be d i s t i n c t  elements of M. Then, since M 
i s  2-connected, { e , f  } i s  contained in a c i r c u i t  C of M. Now M 
i s  (2,3) r e l a t i v e  to  C. Therefore , by (4 .15) ,  { e , f  } i s
contained in a t r i a d  of M. V
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Next we show th a t  (2,3)-matroids  are n e i th e r  graphic nor 
cographic . Then we give a family of graphs t h a t  are  (2,3) r e l a t i v e  to 
a c i r c u i t .
(5 .2)  Theorem. Let M be a Sylvester  matroid having a t  l e a s t  four
elements.  Then M i s  n e i th e r  graphic nor cographic.
Proof.  I t  i s  easy to check th a t  a Sylvester  matroid having 
a t  l e a s t  four elements i s  not graphic.
Let M* be the dual of a Sy lves ter  matroid having a t
l e a s t  four elements.  Assume t h a t  M* is  the cycle matroid of
some graph 6. Since M* i s  3-connected, G i s  simple and
3-connected, by (1 .22) .  Now l e t  C be a cycle of  G. Since G i s
3-connected, G conta ins  an edge e which i s  not in C.
Consider the  2-connected graph G\e. Then, fo r  every
edge f  of C, the graph G\e , f  i s  not 2-connected. Therefore , by
(2 .21) ,  the c i r c u i t  C has a t  l e a s t  two v e r t i c e s  of degree two in 
G. Thus, since the degree of every ver tex of G i s  a t  l e a s t  
t h re e ,  e i s  a chord of  C. Hence there  i s  a b i p a r t i t i o n  { F,H ) 
of the edges of C such th a t  F U e and H U e are cycles  of G. 
Fur ther ,  s ince  G i s  simple, each of F and H conta ins  a t  l e a s t  
two edges. Now l e t  g be an element of F. Then G\g i s
2-connected. C lear ly ,  H U e has a t  most one ver tex of degree
two in G\g. But, for  every element h of H U e, the graph G\g,h 
i s  not 2-connected. This i s  a c o n t rad ic t ion  since  (2.21)
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implies  t h a t  the cycle  H U e has a t  l e a s t  two v e r t i c e s  of degree
two in G\g. Hence M* i s  not the cycle  matroid of  any graph G. V
Although, as the l a s t  theorem shows, the re  are  no ( 2 , 3 ) -graphs,  
we can f ind  an i n f i n i t e  number of  graphs t h a t  a re  (2,3) r e l a t i v e  to a 
cyc le .  The fol lowing co n s t ru c t io n  of "wheels within wheels" gives 
such a family of  graphs.
C lea r ly ,  W3 i s  (2 ,3 )  r e l a t i v e  to the cycle  formed by i t s  rim 
elements.  Let u,v,w be the rim v e r t i c e s  of  W3 , and l e t  u ' , v ' , w '  be 
th re e  new v e r t i c e s .  Now add the fol lowing s ix  edges: ( u , u ' ) ,  ( v , v ' ) ,  
(w,w‘ ) ,  ( u ' , v ' ) ,  ( u ' , w ' )  and ( v ' , w ‘ ).  The following f ig u re  shows W3 
and the graph obtained from i t .
3
FIGURE 6
I t  i s  c l e a r  t h a t  the second graph i s  (2 ,3)  r e l a t i v e  to the 
t r i a n g l e  formed by u ' , v '  and w ' .  This con s t ru c t io n  can be done 
repeated ly  to  obta in  an i n f i n i t e  family of graphs each of which i s
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(2 .3)  r e l a t i v e  to a cycle .  We note th a t  every graph of t h i s  family i s
(2.3) r e l a t i v e  to  a t r i a n g l e .  I t  tu rns  out t h a t  t h i s  i s  t rue  fo r  any
graph which i s  (2,3) r e l a t i v e  to a cycle .  To prove t h i s  we need three 
lemmas. The f i r s t  of these  i s  the dual of a r e s u l t  o f  Coullard, [6, 
Lemma 2.44] .
(5 .3)  Lemma. Let M be a 3-connected matroid having a t  l e a s t  seven
elements.  Suppose t h a t ,  f o r  an element e o f  E(M), each
of M\e and M/e has a 2 -separa t ion ,  and t h a t  M\e has only
minimal 2 -separa t ions .  I f  e i s  in a t  l e a s t  th ree  t r i a d s  
o f  M, then,  fo r  any element f  which i s  in a t r i a d  of  M 
conta ining e ,  the matroid M/f i s  3-connected.
(5 .4)  Lemma. Let G be a graph which i s  (2 ,3)  r e l a t i v e  to  a cycle C.
Then every ver tex of  C has degree th ree  in G.
Proof.  Let v be a vertex of C and e , f  be the edges of C
inc iden t  with v. Then, by (4 .15) ,  there  i s  t r i a d  ( e , f , g 3  of
G. Therefore, s ince  e and f  are inc iden t  with v, the edge g i s
in c iden t  with v. Moreover, since { e , f , g  3 i s  a t r i a d  of  G, the 
only edges of G inc id en t  with v are e , f  and g. Hence v has 
degree three  in G. V
(5.5)  Lemma. Let G be a graph t h a t  i s  (2 ,3)  r e l a t i v e  to  a cycle C,
and p be an edge of  C. Then M(G)/p i s  not 3-connected.
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Proof. Suppose M(G)/p i s  3-connected, I f ,  fo r  d i s t i n c t  
elements f ,g  of C - p, the matroid M(G)/p\f,g i s  2-connected,
then ,  by (4 .6 ) ,  ( p , f , g  } i s  a t r i a d  of M(G). This i s  a 
c o n t rad ic t ion  s ince { p , f , g  ) i s  conta ined  in the c i r c u i t  C and 
M(G) i s  b inary,  see (1.47) and (1 .48) .  Therefore , fo r  a l l  
elements f ,g  of  C - p, the matroid M(G)/p\f,g i s  not
2-connected. Therefore , G/p i s  (2 ,3)  r e l a t i v e  to the cycle 
C - p. This c o n t r ad ic t s  the l a s t  lemma since C - p has a vertex 
of  degree g rea te r  than th ree  in G/p. Hence M(G)/p i s  not
3-connected. V
(5 .6)  Theorem. Let G be a (2 ,3)-graph r e l a t i v e  to  a cycle  C. Then C
i s  a t r i a n g l e  of  G.
Proof.  The wheel W3 i s  (2 ,3)  r e l a t i v e  to  i t s  rim. I t  i s
easy to  check t h a t  t h i s  i s  the only graph of s ize  a t  most s ix
which i s  (2 ,3)  r e l a t i v e  to  a cycle .  Suppose th a t  G has more 
than s ix  edges and t h a t  i t  i s  (2,3) r e l a t i v e  to  a cycle  C having
a t  l e a s t  four edges. Consider an edge e of G. By the l a s t
lemma, M(G)/e has a 2 -separa t ion .  Thus, s ince  M(G)\e i s  not
3-connected, M(G)/e or  M(G)\e has only minimal 2 - separa t ions ,  by 
(1 .27) .  Now, s ince  C has a t  l e a s t  four  elements,  e i s  in a t
l e a s t  th ree  t r i a d s  of M(G), by (4 .15) .  So, by or thogonal i ty  and
(1 .25) ,  e i s  not in any t r i a n g l e s  of M(G). Therefore , M(G)\e 
has only minimal 2 - separa t ions .  But then,  fo r  an element f  of
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C - e ,  the matroid M(G)/f i s  3-connected, by (5 .3 ) .  This i s  a 
co n t rad ic t io n  to  Lemma 5.5.  Hence C has exact ly  three elements.V
SECTION 2. t-CYCLIC AND t-COCYCLIC MATR01DS
Recall t h a t ,  fo r  an in tege r  t  g rea te r  than one, a 2-connected 
matroid M i s  t -c o c y c l ic  i f  i t  s a t i s f i e s  the following two p ro p e r t i e s :
( i )  fo r  every subset F of  E(M) having a t  most t  - 1 elements,  M\F 
i s  2-connected; and
( i i )  fo r  every subset A of  E(M) having exact ly  t  elements,  M\A i s  
not 2-connected.
In Chapter 3, we have seen t h a t  i f  M i s  a 2-cocyclic  matroid, 
then every p a i r  of i t s  elements i s  in a t r i a d .  Moreover, M i s
3-connected. We will  show th a t  the f i r s t  conclusion can be 
genera l ized  fo r  any t  3.
(5 .7)  Theorem. Let M be a t - c o c y c l ic  matroid.  Then every t - s u b s e t  A 
o f  E(M) i s  contained in a ( t+1)- c o c i r c u i t  of M. Hence 
every subset  of  E(M) having a t  most t  elements i s  
coindependent.
Proof.  We argue by induct ion on t .  The case t  = 2 i s
(3 .9 ) ,  so suppose t  i s  g rea te r  than two. Let A be a t - s u b s e t  of 
E(M) and e be an element of A. Consider the 2-connected matroid 
M\e. I t  i s  easy to see t h a t  M\e i s  (t-1 ) -cocyc l ic .  Therefore,
I l l
by the induction hypothesis ,  every ( t - l ) - s u b s e t  of E(M\e) i s  
contained in a t - c o c i r c u i t  of M\e. In p a r t i c u l a r ,  A - e is  
contained in a t - c o c i r c u i t  C* of M\e. I f  C* i s  a c o c i r c u i t  of 
M, then,  for  some element f  of  C*, the matroid M\(C* - f) 
contains  f  as a coloop. This i s  a con trad ic t ion  since M is  
t - c o cy c l i c .  Therefore , C* U e i s  a c o c i r c u i t  of M. Hence A i s  
contained in the ( t+ 1 )- c o c i r c u i t  C* U e of M. V
For fu tu re  refe rence ,  we s t a t e  the dual of the l a s t  theorem.
(5.8) Corollary. Let M be a t -c y c l ic  matroid. Then every t-su b se t  A
of E(M) is  contained in a (t+1 ) - c i r c u i t  of M. Hence 
every subset of E(M) having a t  most t  elements is  
independent.
The next r e s u l t  follows immediately from the l a s t  two r e s u l t s .
(5.9) Corollary. A t-cocyclic  matroid of corank t  i s  isomorphic to
U [r,t+ r]  where r  i s  a positive  in teger g rea ter  than
one. Dually, a t - c y c l ic  matroid of rank t  i s
isomorphic to U[t, t+ r]  where r  i s  a positive
in teger g rea te r  than one.
Since a 2-cocyclic matroid i s  3-connected, i t  i s  natural to ask
whether a t -cocyc l ic  matroid i s  ( t+ 1 ) -connected fo r  any t  >_ 3. The
following examples show t h a t  the answer of t h i s  question i s  negat ive.
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(5.10) Example. Let t , r  be in tegers  such t h a t  t  >_ 4 and 2 <_ r
_< t  - 2.  The uniform matroids U [r , t+ r ]  are
t -cocyc l ic  but are not ( t+1) -connected. In f a c t ,
they are not even t -connected,  see Theorem 1.50.
(5.11)  Example. The a f f in e  space AGO,2) i s  3 -cocycl ic .  In f a c t ,
since i t  i s  i d e n t i c a l l y  s e l f - d u a l ,  i t  i s  also
3 -cyc l ic .  But AG(3,2) i s  not 4-connected.
However, we can show th a t  i f  M i s  t - c y c l i c  (dual ly ,  t - c o c y c l ic )  
having rank (dual ly ,  corank) a t  l e a s t  t  + 1, then M i s  t-connected.
F i r s t  we give a d e f i n i t i o n ,  and then we prove three  lemmas.
Let A be a t - su b se t  of a t - c y c l i c  matroid M. An element e of 
E(M) - A i s  a complement of  A i f  A U e i s  a c i r c u i t  of M. We also
say t h a t  A i s  complemented by e.
(5.12) Lemma. Let M be a t - c y c l i c  matroid and B be an independent
subset  of  M having a t  l e a s t  t  elements.  I f  A,A' are  
d i s t i n c t  t - s u b s e t s  of  B, then E(M) -  B does not 
conta in  an element t h a t  complements both A and A1.
Proof.  Suppose t h a t ,  for  d i s t i n c t  t - s u b se ts  A,A* of B and 
an element e of E(M) - B, the s e t s  A U e and A' U e are 
c i r c u i t s  of M. Then, by c i r c u i t  e l im ina t ion ,  A U A' contains a 
c i r c u i t  of M. This i s  a co n t rad ic t io n  s ince A U A' i s  
contained in the independent s e t  B. V
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(5.13) Lemma. Let M be a t -c y c l ic  matroid having rank a t  le a s t
t  + 1. Then E(M) has a t  l e a s t  2 t + 2 elements.
Proof. Let B be a base of M. Then B contains a t  l e a s t
t  + 1 elements.  Now, every t - s u b s e t  of  B i s  complemented by an
element of E(M) - B. Moreover, by (5 .12) ,  no two d i s t i n c t  
t - s u b s e t s  of B are  complemented by the same element e of 
E(M) - B. Therefore , since B has a t  l e a s t  C(t+1, t )  t - s u b s e t s ,  
E(M) - B has a t  l e a s t  t  + 1 elements.  Hence E(M) has a t  l e a s t  
2 t  + 2 elements.  V
(5.14) Lemma. Let M be a t -c y c l ic  matroid having rank a t  le a s t
t  + 1. Then every c o c irc u i t  C* of M has a t  le a s t
t  + 1 elements.
Proof. Let C* be a c o c i r c u i t  of M. Then, by (1 .6 ) ,  
E(M) - C* i s  a hyperplane of M. Let e be an element of C* and 
B be a base of the hyperplane E(M) - C*. Then, since M has a 
rank a t  l e a s t  t + 1 ,  the c a r d i n a l i ty  of B i s  a t  l e a s t  t .  Now, 
fo r  every ( t - l ) - s u b s e t  F of B, the se t  F U e i s  complemented by 
some element f  o f  E(M) - B. By o r thogona l i ty ,  f  i s  an element 
of  C* - e.  Moreover, by (5.12) applied  to  the independent se t  
B U e, i f  F ,F ‘ are  d i s t i n c t  ( t-1 ) -subse ts  of B, then F LI e and 
F 1 U e are not complemented by the same element f  of C* - e.  
Therefore , since the number of the (t-1 )-subsets  of B i s  a t
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l e a s t  t ,  the se t  C* - e has a t  l e a s t  t  elements.  Hence C* 
contains a t  l e a s t  t  + 1 elements,  v
(5.15) Theorem. Let M be a t -c y c l ic  matroid having rank a t  le a s t
t  + 1. Then M i s  t-connected.
Proof. Suppose th a t  M i s  not t-connected.  Then, fo r  some 
k £  t  -  1, the re  i s  a k -separa t ion  { X,Y } of M. Thus 
rkX + rkY £  rkM + k  - 1. Without loss  of g e n e ra l i ty ,  we may
assume t h a t  | X | _>_ | Y | . Now, since every t - s u b s e t  i s
independent,  the ran< of Y i s  a t  l e a s t  k. Therefore, since 
rkX + rkY £  rkM + k - 1, the rank of X i s  a t  most rkM - 1. Now
consider  the s e t s  X and E - X. Since X i s  a f l a t ,  E - ~X
contains  a c o c i r c u i t  of M, by (1 .7 ) .  So, by (5 .14) ,  E - X has
a t  l e a s t  t  + 1 elements and thus [ E - X | > k and
rk(E - ~X) > t .  Therefore , { 7 ,  E -  X } i s  a k-separa t ion  of 
M. Moreover, X i s  not a hyperplane of M. For i f  X i s  a
hyperplane of M, then,  since rkX + rk(E - X) £  rkM + k - 1, the 
rank of E - X i s  a t  most k. This i s  a con trad ic t ion  since 
rk(E - H) i s  a t  l e a s t  t  and k i s  le s s  than t .  Thus, E - X 
contains  a c o c i r c u i t  C* and an element e which i s  not in C*.
Now l e t  F be a ( t - 2 ) - s u b s e t  of  X. Then, fo r  an element 
f  of X - F, the t - s e t  F U { e , f  } i s  complemented by an element 
g of E(M). Since X i s  a f l a t  and e i s  not in X, g i s  not an 
element of X. Also, by o r thogona l i ty ,  g i s  not an element of 
C*. Thus g i s  an element of  E - (X U C* U e ) .  Furthermore,
115
fo r  d i s t i n c t  elements f ,h  of X - F the t - s e t s  F U { e , f  } and 
F U { e,h } cannot be complemented by the same element g of 
E -  (X U C* U e ) ,  by (5.12) appl ied to the independent se t  
F U ( e , f , h  }.  Therefore, E - (7  U C* U e) conta ins  a t  l e a s t
I X I -  ( t  - 2) elements.  Thus, since  C* conta ins  a t  l e a s t
t  + 1 elements,  E - X conta ins  a t  l e a s t  | X | + 4 elements.  
This i s  a c o n t rad ic t ion  since | 1 ( | > _ | X | ^ | Y | > | E - ’X | .
Hence M i s  t-connected.  V
In the remaining p a r t  of t h i s  s ec t io n ,  we want to  in v es t ig a te  
the matroids M t h a t  have the property  t h a t  M i s  t - c o c y c l ic  and
t - c y c l i c .
As one would suspect ,  a matroid M which i s  t - c y c l i c  and 
t -c o c y c l i c  has i t s  rank equal to  i t s  corank. In f a c t ,  as we show in
the next theorem, the rank of such a matroid i s  t  or  t  + 1. I t  i s
a lso t r u e ,  though le ss  obvious, t h a t  M i s  i d e n t i c a l l y  s e l f - d u a l .  We
prove t h i s  f a c t  in Theorem 5.19.
(5.16)  Theorem. Let M be a t - c y c l i c  and t -c o c y c l i c  matroid.  Then
rkM = corkM. Moreover, rkM i s  t  or  t  + 1 and
th e re fo re  | E(M) | i s  2 t  or  2 t  + 2.
Proof.  Let rkM = r  and corkM = d. Let B be a base of M 
and B* = E(M) - B. Then | B | = r  and | B* | = d. We may
assume, without loss  of g e n e ra l i ty ,  t h a t  r  _> d. Now, by (5 .7 ) ,  
every t - s u b s e t  of E(M) i s  coindependent.  Therefore r >  d > t .
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Since M i s  t - c y c l i c ,  every t - s u b s e t  of B i s  complemented 
by an element of B*. Moreover, by (5 .12) ,  no two d i s t i n c t  
t - s u b s e t s  of B are  complemented by the same element of  B*. 
Therefore , C ( r , t )  d £  r .  The in eq u a l i ty  C ( r , t )  <_ r  holds i f
and only i f  r  i s  t  or t  + 1. Now i f  r  = t ,  then, since 
r  ^ d  _< t ,  we have d = t .  And i f  r  = t  + 1, the i n e q u a l i t i e s  
C(t+1, t )  <_ d <_ t  + 1 imply t h a t  d = t  + 1. V
Using (5 .9 ) ,  we have the following c h a ra c te r iz a t io n  of the 
matroids M th a t  have the property t h a t  M i s  t -cycl  ic  and t -c o cy c l ic  of 
rank t .
(5.17) Theorem. The following staments are equivalent.
( i )  M i s  a t -c y c l ic  and t-cocyclic  matroid of rank t .
( i i )  M i s  the uniform matroid U [t ,2 t] .
(5.18)  Lemma. Let M be a t -c y c l ic  and t-cocyclic  matroid having
rank t  + 1. Then, fo r  every c i r c u i t  C of M,
| C | = t  + 1 and E(M) -  C i s  a c o c ircu i t  of M.
Proof. Suppose t h a t  C i s  a c i r c u i t  of M having more t h a t
t  + 1 elements.  Then E(M) - C has a t  most t  elements,  by
(5 .16) .  Now, s ince rkM = t  + 1, the c i r c u i t  C conta ins  a base 
B of  M. Note t h a t  every t - s u b s e t  of B i s  complemented by an 
element of  E(M) - C. Moreover, no two d i s t i n c t  t - s u b se ts  of B 
are  complemented by the same element of  E(M) - C, by (5 .12) .
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Therefore , C ( t + l , t )  <_ | E(M) - C | .  This i s  a c o n t rad ic t io n  
s ince  E(M) -  C has a t  most t  elements.
To v e r i fy  t h a t  the l a s t  conclusion holds,  note t h a t  i f  
E(M) - C i s  coindependent ,  then ,  s ince  E(M) -  C has t  + 1 
elements ,  i t  i s  a cobase of M, a c o n t r a d i c t io n .  V
(5.19) Theorem. Let M be a t-cycl ic  and t-co cy c lic  matroid. Then M 
i s  id e n t ic a l ly  s e l f -d u a l .
Proof. By (5 .1 6 ) ,  rkM i s  t  o r  t  + 1. I f  rkM = t ,  then i t
follows from (5.17) t h a t  M i s  ISD, so suppose rkM = t  + 1. Let
A U e be a c i r c u i t  of M and C* = E(M) - (A U e ) .  Then, by
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(5 .18 ) ,  A U e con ta ins  exac t ly  t  + 1 elements and C* i s  a
c o c i r c u i t  of  M. Now assume t h a t  A U e i s  not a c o c i r c u i t  of 
M. Then the re  i s  an element f  of C* such t h a t  A U f  i s  a 
c o c i r c u i t  o f  M. Let g,h be elements of  A. Since
(A U e) -  { g,h  } con ta ins  ex ac t ly  t  -  1 elements ,
M/(A - (. g,h } ) /e  i s  2-connected. Moreover, { g,h } i s  a
2 - c i r c u i t  and C* i s  a c o c i r c u i t  of t h i s  matroid. Now since
( A -  { g,h }) U { e , f  } has c a r d i n a l i t y  t ,  the matroid 
M/(A - { g,h } ) / e / f  i s  not 2-connected. Note t h a t  { g,h } i s  a 
2 - c i r c u i t  o f  M/(A -  { g,h } ) / e / f .  For i f  not,  then { f , g , h  } 
i s  contained in a p a r a l l e l  c l a s s  of M/(A - { g,h } ) / e ,  a
c o n t ra d ic t io n  s ince  f  i s  in  the c o c i r c u i t  C* and { g,h ) does 
not i n t e r s e c t  C*. Thus { g,h ) i s  conta ined  in a component K 
of  M/(A - ( g , h ) ) / e / f .  Since the ground s e t  of  t h i s  matroid
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has c a r d i n a l i t y  t  + 1, the component K conta ins  a t  most t  
elements.  Therefore ,  M/(A -  { g , h ) ) / e / f  has a c o c i r c u i t  
having a t  most t  elements .  This i s  a c o n t r a d ic t io n  s in ce ,  by
(5 .7 ) ,  every t - s u b s e t  of  M i s  coindependent .  Hence A U e i s  a
c o c i r c u i t  of M. Dually, i f  C* i s  a c o c i r c u i t  o f  M, then C* i s
a lso  a c i r c u i t  of  M. V
(5.20)  Lemma. Let M be t -c y c l  i c  and t - c o c y c l i c  matro id  of  rank
t  + 1. Then every t - s u b s e t  A o f  E(M) i s  con ta ined  in
a unique ( t  + l ) - c i r c u i t .
Proof.  Let A be a t - s u b s e t  o f  E(M). Then, f o r  some
element e of  E(M) -  A, the s e t  A U e i s  a c i r c u i t  o f  M. By
(5 .18) ,  E ( M ) - ( A U e )  i s  a c o c i r c u i t  of  M. Therefore ,  by 
o r th o g o n a l i ty ,  the re  i s  no element f  of E(M) - (A U e) sucn
t h a t  A U f  i s  a c i r c u i t  of  M. Hence A U e i s  the  unique
c i r c u i t  of  M conta in ing  A. V
Combining ( 5 .8 ) ,  (5 .1 6 ) ,  (5.18) and (5.20) we o b ta in :
(5.21) Theorem. Let H be a t - c y c l i c  and t - c o c y c l i c  matroid o f  rank
t  + 1. Then the  c o l l e c t i o n  o f  c i r c u i t s  o f  M i s  the
c o l l e c t i o n  of  blocks of  a S t e in e r  system
S ( t ,  t+1,  2t+2).
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Next we show t h a t  i f  t  i s  even, the only matroids t h a t  are
t - c y c l i c  and t - c o c y c l i c  a re  the uniform matroids  U [ t ,2 t ] .
(5 .22)  Theorem. Let t  be an even p o s i t i v e  i n t e g e r .  Then th e r e  i s  no 
t -c y c l  i c  and t - c o c y c l i c  matroid  M o f  rank t  + 1.
Proof.  Suppose t h a t ,  fo r  an even p o s i t iv e  i n t e g e r  t ,  M i s  
a t - c y c l i c  and t - c o c y c l i c  matroid of  rank t  + 1. Let C be a 
c i r c u i t  of M and C* be the s e t  E(M) - C. Then, by (5 .1 8 ) ,  C 
conta ins  ex ac t ly  t  + 1 elements,  and C* i s  a c o c i r c u i t  of M.
Let e , f  be elements  of C and cons ider  the ( t - l ) - s e t  
C - { e , f  }. Then, fo r  an element g o f  C*, the re  i s  an element 
h of  E(M)- (C - ( e , f > )  such t h a t  ( C - { e , f } ) U { g , h > i s a  
c i r c u i t  o f  M. By o r th ogona l i ty  of  t h i s  c i r c u i t  with C*, the 
element h i s  not in { e , f  }.
Now l e t  $ be a map from C* in to  C* defined by $ ( g )  = h 
where h i s  the complement of  g with re spec t  to  the  s e t  
(C -  { e , f  }) U g. Then, by (5 .20 ) ,  $ i s  w e l l -de f ined .
Moreover, i t  i s  c l e a r  t h a t  $0 (g) = g. Thus 0 i s  a 
b i j e c t i o n .  Now l e t  A be a subset  of C* having exac t ly  j
elements.  Then C -  (A U $(A)) c o n s i s t s  of  one element ,  say 
b. Then, s ince b = $<*>(b) and A = $<MA), we have b = $ (b) ,  a 
c o n t r a d i c t io n .  Hence t  i s  not even. V
The following r e s u l t  of  Seymour [22J i s  an immediate
consequence o f  (5 .16 ) ,  (5.17) and the l a s t  theorem.
(5.23) Corollary .  Let M be a 2-connected matroid. I f ,  M i s  2-cycl ic
and 2-cocycl ic ,  then M i s  isomorphic to  U[2,4].
For a proof of the next r e s u l t ,  we r e f e r  the reader  to  Welsh 
L25, pp. 220J .
(5.24) Lemma. Let t  be an in teg e r  g r e a te r  than two and
S ( t ,  t+1,  2t+2) be a S te ine r  system. Let M be the 
matroid whose hyperplanes are  the blocks of  t h i s
system. Then rkM i s  t  + 1, and every hyperplane i s  
a c i r c u i t  o f  M.
Now we show t h a t  the converse of  Theorem 5.21 holds.
(5.25) Theorem. Let t  be an in te g e r  g r e a te r  than one and
S ( t ,  t+1,  2t+2) be a S te ine r  system. Let M be the 
matroid whose hyperplanes a re  the blocks o f  t h i s
system. Then M i s  t - c y c l i c  and t - c o c y c l i c .
Proof.  F i r s t  we note t h a t  M i s  2-connected and t h a t  a l l  
i t s  c o c i r c u i t s  have c a r d in a l i ty  t  + 1. Now l e t  F be a
non-empty subset of E(M) having a t  most t  -  1 elements.  Then, 
since M has no c i r c u i t s  having fewer than t  + 1 elements,  M/F
has no loops. Thus i f  M/F i s  not 2-connected, then we can find
two components K,K' of t h i s  matroid each having a t  l e a s t  two
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elements .  But then ,  s ince  E(M/F) con ta ins  a t  most 2 t  + 1 
elements ,  one of  these  components, say K, con ta ins  a t  most t  
elements.  Thus K conta ins  a c o c i r c u i t  C* of M/F having a t  most 
t  elements.  This i s  a c o n t r a d ic t io n  s ince  every c o c i r c u i t  of  M 
conta ins  ex ac t ly  t  + 1 elements .  Hence M/F i s  2-connected.
Now co n s id e r  M\F. This matroid has no coloops s ince 
every c o c i r c u i t  o f  M con ta ins  exac t ly  t  + 1 elements.  So i f  
M\F i s  not 2-connected, we can f in d  two components K,K' of  M\F 
each having a t  l e a s t  two elements .  Moreover, s ince  E(M\F) 
con ta ins  a t  most 2 t  + 1 elements,  one o f  these  components, say 
K, has a t  most t  e lements .  Therefore K conta ins  a c i r c u i t  C of 
M\F having a t  most t  elements .  This i s  a c o n t ra d ic t io n  s ince  C 
i s  a c i r c u i t  o f  M and, by (5 .2 4 ) ,  M has no c i r c u i t s  having 
fewer than t  + 1 e lements .  Hence M\F i s  2-connected.
Now l e t  A be a . t - s u b s e t  of E(M). Then, s in ce ,  by
(5 .2 4 ) ,  A i s  conta ined  in  a ( t + 1 ) - c i r c u i t  of M, the matroid M/A 
has a loop and th e re fo re  i s  not 2-connected. Now suppose t h a t  
M\A i s  2-connected. Then, s ince  the c i r c u i t s  of M\A a re
c i r c u i t s  of  M, every c i r c u i t  of  M\A conta ins  a t  l e a s t  t  + 1 
elements ,  by (5 .2 4 ) .  Thus, s ince  M\A con ta in s  t  + 2 elements ,  
M\A i s  isomorphic to  U[t ,  t+2J o r  U[t+1, t+2] .  Now s in ce ,  fo r  
every subse t  F of  A, the matroid M\F i s  2-connected,  we must 
have rk(M\A) = rkM = t  + 1. So M i s  isomorphic to  U[t+1,
t+2'J. Now l e t  B be a base of M conta ined in M\A. Then every
t - s u b s e t  of B i s  complemented by some element of  E(M)-B. As 
M\A i s  isomorphic to  UCt+1, t+ 2 ] ,  each of  these  complements
must be in A. Thus, s ince  the c o l l e c t i o n
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of  t - s u b s e t s  of  B has c a r d i n a l i t y  t  + 1 and A has c a r d i n a l i t y  
t ,  B con ta ins  two d i s t i n c t  t - s u b s e t s  D,D' t h a t  a re  complemented 
by an element e of  A. So, by c i r c u i t  e l im in a t io n ,  DUD'  
con ta ins  a c i r c u i t  of  M, a c o n t r a d ic t io n  s ince  D U D '  i s
conta ined in  B. Hence M\A i s  not 2-connected. V
Combining (5.21) with the l a s t  theorem we ob ta in  the following
c h a r a c t e r i z a t i o n  o f  the  S t e in e r  systems S ( t ,  t+1,  2 t+2),  t  >_ 2.
(5.26)  Theorem. Let t  be an in t e g e r  g r e a t e r  than one. Then the
following a re  eq u iva len t :
( i )  M i s  a t - c y c l  i c  and t - c o c y c l i c  matroid o f  rank 
t  + 1.
( i i ) M i s  a S te in e r  system S ( t ,  t+1,  2t+2).
Mendelsohn [12] has shown t h a t  i f  S ( t ,  t+1,  2t+2) e x i s t s ,  then
the  complement of a block i s  a block.  This follows from the l a s t
theorem and (5 .19) .
From (5.22)  we see t h a t  i f  t  i s  even, then th e re  i s  no
S ( t ,  t+1,  2t+2).  The following s t ro n g e r  cond i t ion  i s  known: 
S ( t ,  t+1,  2t+2) e x i s t s  only i f  t  + 2 i s  prime, see ,  fo r  example, 
[27,  Theorem 114]. Also, Mendelsohn and Hung [13] showed t h a t
S(9, 10, 20) does not e x i s t .  I f  f a c t ,  the  systems S ( t ,  t+1,  2t+2) are
known only fo r  t  = 3 and t  = 5. In the f i r s t  case i t  i s  the  a f f i n e
space AG(3,2)  and in the second case i t  i s  the Witt  design whose
automorphism group i s  the Mathieu group MI 2 , see,  fo r  example, [5 ] .
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I t  would be i n t e r e s t i n g  to  see i f  Theorem 5.26 gives new necessary 
condi t ions  fo r  the ex is tence  of the S te ine r  systems S ( t ,  t+1, 2t+2).
BIBLIOGRAPHY
1. R. E. Bixby, A Simple Theorem on 2 -C onnec t iv i ty , Linear Algebra
and i t s  Applicat ions  45(1982), 123-126.
2. J .  A. Bondy and U.S.R. Murty, Graph Theory with Applicat ions
(Macmillan, London; American E ls e v ie r ,  New York, 1976).
3. V. W. Bryant,  J .  E. Dawson and Hazel P e r fec t ,  Hereditary
C i rc u i t  Spaces, Compositio Mathematica, Vol. 37, Fasc. 3, 1978, 
339-351.
4. T. H. Brylawski, A Combinatorial Model fo r  Se r ie s  -  P a ra l le l
Networks, Trans,  Amer. Math. Soc. 154(1971), 1-22.
5. P. J .  Cameron, Extremal Resul ts  and Configuration Theorems for
S te in e r  Systems, Annals o f  D isc re te  Mathematics 7(1980), 43-63.
6. C. R. Coullard,  Minors of  3-Connected Matroids and Adjoints  of
Binary Matroids , Ph.D. Thesis ,  Northwestern Univers i ty ,  1985.
7. G. A. Dirac, Minimally 2-Connected Graphs, J .  Reine Angew.
Math. 228(1967), 204-216.
12 4
125
8. F. Harary, Graph Theory, (Addison-Wesley, Reading, Mass.,  1969).
9. T. Inukai and L. Weinberg, Theorems on Matroid C onnec t iv i ty ,
Discre te  Math. 22(1978), 311-312.
10. M. Lemos, On 3-Connected Matro ids , submitted.
11. W. Mader, Ecken vom Grad n in minimalen n-fach
zusammenhangenden Graphen, Math. Ann. 182(1969), 175-188.
12. N. S. Mendelsohn, A Theorem on S te in e r  Systems, Canad. J .  Math.
22(1970), 1010-1015.
13. N. S. Mendelsohn and S.H.Y. Hung, On the S te in e r  Systems
S(3,4 ,14)  and S ( 4 ,5 , 1 5 ) , U t i l i t a s  Math. 1(1972), 5-95.
14. U. S. R. Murty, J .  Edmonds and H. P. Young, Equicardinal
Matroids and Matroid Designs , (Proc. 2nd Chapel Hill  Conf. 
Combinatorial Mathematics, Chapel Hi l l ,  NC (1970), 498-54.)
15. U. S. R. Murty, S y lv es te r  M atro ids , Recent Progress  in
Combinatorics,  (Wiley, New York, 1969, 283-286).
16. U. S. R. Murty, Matroids with S y lv e s te r  P roper ty , Aequat. Math. 
4(1970), 44-50.
126
17. U. S. R. Murty, Extremal C r i t i c a l l y  Connected Matroids,
Discre te  Math. 8 (1974), 49-58.
18. J .  G. Oxley, On 3-Connected Matro ids , Canad. J .  Math. 18(1981),
20-27.
19. J .  G. Oxley, On Matroid C o n n ec t iv i ty , Quart.  J .  Math. Oxford
(2) 32(1981), 193-208.
20. J .  G. Oxley, On Connectiv ity  in Matroids and Graphs, Trans.
Amer. Math. Soc. 265(1981), 47-58.
21. M. D. Plummer, On Minimal Blocks , Trans. Amer. Math. Soc.
134(1968), 85-94.
22. P. D. Seymour, Matroid Representa t ion  over GF(3), J .  of
Combinatorial Theory. (B) 26(1979), 159-173.
23. P.D. Seymour, Decomposition o f  Regular Matro ids , Journal of 
Combinatorial Theory (B) 28(1980), 305-359.
24. W. T. T u t te ,  Connectiv i ty  in Matroids , Canad. J .  Math. 
18(1966), 1301-1324.
127
25. D.J.A. Welsh, Matroid Theory (Academic P ress ,  London, New York 
and San Francisco ,  1976).
26. H. Whitney, On the A bs t rac t  P ro p e r t i e s  of Linear  Dependence, 
Amer. J .  Math. 57(1935), 509-533.
27. P. Young and J .  Edmonds, Matroid Designs , J .  Res. Nat. Bur. 
Standards Sect .  B 77(1973), 15-44.
INDEX OF D E F IN IT IO N S
B
base . . .  2 
basepoin t  . . .  15 
binary  . . .  18 
block . . . 105
C
chord . . .  78 
c i r c u i t  . . .  1 
c i r c u i t  e l im ina t ion  . . . 1 
c losed  . . .  3 
c lo su re  . . .  3 
cobase . . .  3 
c o c i r c u i t  . . .  3 
cographic  . . .  8 
cohyperplane . . .  3 
coloop . . .  3 
component . . .  7 
connected . . .  7 
c o n n ec t iv i ty  . . .  9 
c o n t r a c t io n  . . .  6, 8 
co o rd in a t iz a b le  . . .  18 
corank . . .  4
128
129
c o s im p l i f i c a t io n  . . .  11 
D
d e le t io n s  . . .  5, 9 
dependence matroid . . .  18 
depends . . .  2 
d i r e c t  sum . . .  14 
disconnected . . .  7 
dual . . .  3
F
f l a t  . . . 3  
G
graphic . . .  8 
ground s e t  . . .  1
H
hub . . .  20 
hyperplane . . .  3
I
i d e n t i c a l l y  se l f -dua l  . . . 1 0 5  
independent . . .  2 
ISO . . .  105
130
isomorphic matroids . . .  2 
K
k-separa ted  . . .  9 
L
loop . . .  1 
M
matroid . . .  1 
m -c i r c u i t  . . .  1
m-element minimally n-connected . . .  20
minimal k - separa t ion  . . .  9
minimally n-connected . . .  12
minor . . .  7
(m,n)-graph . . .  22
(m,n)-graph r e l a t i v e  to  a s e t  . . .  22
(m,n)-matroid . . .  20
(m,n)-matroid r e l a t i v e  to  a s e t  . . .  21
N
n-connected graph . . .  8 
n-connected matroid . . .  9
131
0
or thogona l i ty  . . .  4
1-sum . . .  14
P
p a r a l l e l  c la s s  . . .  1 
p a r a l l e l  connection . . .  16 
p a r a l l e l  element . . .  1 
p o in t  . . .  105
R
rank . . .  2
rank func t ion  . . .  2
rim . . .  20
S
separable  . . .  7 
s e r i e s  c l a s s  . . .  3 
s e r i e s  connection . . .  15 
s e r i e s  element . . .  3 
simple matroid . . .  2 
s im p l i f i c a t i o n  . . .  11 
spoke . . .  20 
S te in e r  system . . .  105
132
T
t - c o c y c l i c  . . 
t - c y c l i c  . . . 
t r i a d  . . .  3 
t r i a n g l e  . . .
2-sum . . .  14
U
uniform matroid 
U C l . j .d ]  . . . 
U [1 ,k ,3 ;e ]  . .
W
wheel . . .  20
. 105 
105
2
. . .  19
36 
. 55
CURRICULUM VITAE
Safwan Akkari was born in T r i p o l i ,  Lebanon on May 15, 1953. He 
received a Licence in Mathematics from the Lebanese Univers i ty  in  June 
1977. He received a Master of  Science degree from the  Univers i ty  of 
Tennessee Space I n s t i t u t e  in  May 1982.
133
Candidate:
Major Field:
Title of Dissertation:
Date of Examination:
DOCTORAL EXAM INATION AND DISSERTATION REPORT
Safwan A k k a r i  
M athem atics
On M a tro id  C o n n e c t iv i ty
Approved:
OxUvj
essor and Chafifnlajor Prof attman
Dean of the Graduate Sch<
EXAM INING COMMITTEE:
J u l y  14, 1988
